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Chapter 1

Introduction

Considering hybrid stochastic systems of switching diffusion type, this dissertation
develops asymptotic properties of solutions for systems of Kolmogorov’s backward
equations and stability analysis of singular systems with switching. By hybrid sys-
tems we mean such dynamical systems in which continuous dynamics and discrete
events coexist. Basically, the discrete events can change value only through dis-
crete “jump” while continuous processes dynamically evolve according to a differential
equation. Hybrid systems provide a convenient framework for modeling systems in
many emerging applications arising in physical sciences, biological sciences, engineer-
ing, and finance. In the past 15 years, there has been much effort in understanding
such systems. In fact, the coexistence of continuous and discrete events, in turn,
introduces new challenges for modeling, analysis, and computation. A new trend is
to use a continuous-time Markov chain to represent the discrete events.

Our analysis is partly based on Markov processes. The theory of Markov chains
can be traced back to the work of Markov, who introduced the concept in 1907.
Kolmogorov systematized the theory in the early 1930s. It has experienced significant

advances in the last few decades. To mention some of the important contributions,

www.manaraa.com



we mention the work of Doeblin, Doob, Levy, Chung, Dynkyn, and so on. Especially,
fundamental work on continuous-time Markov chains was done by Doob in the 1940s
and Levy in the 1950s. A new modern treatment of the theory is in Ethier and Kurtz
[14].

The premise of the model can be seen from the following example. Many important
movements in economy arise from discrete events. For example, a nation’s economy
sometimes appear quite calm and at other instances are rather volatile. To describe
how this volatility changes over time is by far important. It is easily seen that
monetary, fiscal, or income policies, often change in a way referred to as shocks in
economics. These shifts cannot be observed directly. These discrete events are often
governed by hidden random processes. Since late 80’s, increasing interests on using
Markov-based models in economics have been shown. Although most of these efforts
are devoted to time series analysis (see Brunner [6], Cai [7], Hamilton and Susmel
[18], Hansen [19, 20] and the references therein), it is conceivable that the use of
Markov-based models will play a more and more prominent role in the future. Similar
to the consideration of stock market, a continuous-time Markov chain can be used to
formulate the trend of the economy. For example, suppose that the economy has two
possible “states,” fast growth phase (denoted by 2) and slow growth phase (denoted by
1). At any given time ¢, the economy will be in either the fast growth state or the slow
growth state governed by the outcome of a Markov chain. Similarly, consider another

example with the use of unemployment data, the economy may be said to be in state
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1 if the unemployment rate is rising and in state 2 if the unemployment rate is falling.
Corresponding to the two states, either the economic growth or the unemployment
rates, the regimes or configurations of system differ resulting in different coefficients
of the model. This then leads to a hybrid or switching model modulated by a Markov
chain with finite state space.

In addition, another challenge arises from state space of discrete events. Fre-
quently, dynamic systems in the real world are very large and complex. For example,
in a multi-sector economy, it is likely that the state space of a(-) is large. The large
number of states of the underlying chain gives a detailed representation of the po-
sition of the economy. Mathematically, to model complex world scenarios, the state
space of the Markov chain is often large. This causes the underlying computational
tasks infeasible. For instance, treating controlled linear quadratic systems that are
modulated by a continuous-time Markov chain, one needs to solve a system of Riccati
equations in lieu of a single Riccati equation. The large-scale nature of the Markov
chain often makes the amount of computation insurmountable. Reducing computa-
tional complexity becomes an important task. In this dissertation, we use two-time
scale approach to overcome this challenge.

It has long been recognized that in large-scale systems, not all components or
subsystems evolve at the same speed. Some of them vary rapidly, whereas others
change slowly. Using the contrast of different rates of variations, one may introduce

two-time scales. The main premise is: One may split a large state space of the

www.manaraa.com



underlying Markov chain into smaller subspaces so that within each subspace, the
states switch back and forth at essentially the same rate. It would be ideal, if we
could completely separate these subspaces. However, this cannot be done in general.
The state space cannot be separated as isolated subspaces. They can only be split
to weakly coupled subspaces, termed as nearly completely decomposable spaces. We
may use the different rates of change to aggregate the states into clusters or subspaces
so that within each subspace, the process changes relatively frequently, whereas from
one subspace to another, the transitions take place relatively infrequently. Using a
representative in each subspace to represent all of its states (or aggregating all the
states in the subspace into one super state), we obtain an aggregated process. Using
aggregation, the effective state space becomes a substantial reduction of complexity
can be achieved. To formulate such problems, we introduce a small parameter into
the system resulting in two distinct time scales, the normal time and the fast time.
In the literature, there have been much effort devoted to singular perturbation
methods and their applications. Aggregation in dynamic systems were considered in
Simon and Ando [47] (see also Courtois [12]), in which the term nearly completely
decomposability was coined. In Phillips and Kokotovic [44], singularly perturbed
Markov chains were examined thoroughly. General discussion on singular perturba-
tion techniques can be found in Bogoliubov and Mitropolski [3] and many other ref-
erences. Singular perturbation theory has a wide range of applications. In Sethi and

Zhang [45], Sethi et al. [46], the authors made effective use of hierarchical structures
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of Markovian systems in production planning and manufacturing. For applications in
chemical physics, we refer the reader to Kampen [25] among others. Related applica-
tions can be found in Kokotovic et al. [32], Phillips and Kokotovic [44], and references
therein. Recent works on two-time-scale modeling using diffusions could be found in
Fouque et al. [17], where stochastic volatility was modeled by use of the fast-slow
diffusions. An up-to-date treatment of switching diffusions can be found in Mao and
Yuan [37], Yin and Zhu [53], and references therein. Two-time-scale expansion has
emerging applications in communication theory (see Tse et al. [49]), physics, and so
on.

Owing to their applications across different disciplines, asymptotic properties and
stability of hybrid systems have drawn much attention. We often need to study Kol-
mogorov forward equations (KFEs) and Kolmogorov backward equations (KBEs),
which usually describe the density of processes and the expected cost functions, re-
spectively. In literature, weak convergence methods were used in Anisimov [1], Khas-
minskii [26], Pardoux and Veretennikov [41, 42, 43], Skorokhod [48] among others.
Asymptotic expansions of solutions of forward equations were presented in Khasmin-
skii et al. [30, 31], Yin and Zhang [50], in which matched asymptotic expansions
were constructed to approximate the solutions. The problems of systems of forward
equations for switching diffusions have been worked out in Il'in et al. [22, 23]. In
many applications, instead of treating the forward equations, we need to deal with

the backward systems. The study of certain asymptotic properties of the backward
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equations was carried out in Matkowsky and Schuss [38], Papanicolaou [39, 40] for
small perturbation with the main focus on the leading term of the asymptotic ex-
pansions. Most recent results dealing with singularly perturbed backward equations
for diffusions can be found in Khasminskii and Yin [29] where the fast diffusion was
considered.

The second part of the dissertation is devoted to stability. It is concerned with
regular systems and singular systems. Some of the recent effort in stability of jump
systems can be found in Feng et al. [16], Ji and Chizeck [24], Mao [36] (see also
Khasminskii [27], Kushner [33], Mao [35], and the references therein for general dis-
cussion on stochastic stability). Linear systems were treated in Feng et al. [16], Ji
and Chizeck [24], whereas nonlinear systems were dealt with in Mao [36]. Stability of
hybrid dynamic systems containing singularly perturbed random processes was stud-
ied in Badowski and Yin [2]. On the other hand, singular systems, which have many
synonyms such as descriptor systems, generalized systems, and implicit systems, are
featured in differential-algebraic equations (DAEs). They arise in various applications
in physical sciences, engineering, and economic systems. Owing to their importance,
such systems have been studied extensively and used widely in control and optimiza-
tion tasks. For some recent literature, we refer the reader to Campbell [8, 9], Cheng
et al. [10], Dai [13], Lewis [34] among others. While the references mentioned above
are all concerned with deterministic systems, recent works also include formulation,

analysis, and computation involving stochastic systems; see Boukas [4], Boukas et al.
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[5], Huang and Mao [21], Yin and Zhang [51], among others.

The rest of this dissertation begins with a review of hybrid systems and the
regime-switching models. Chapter 3 is concerned with the construction of asymp-
totic expansions of solutions of systems of Kolmogorov backward equations. We treat
Kolmogorov backward equations with terminal value conditions; both fast switching
and rapid diffusion are considered. In addition, the corresponding errors bound is
obtained. In the second part of the dissertation, we study the stability of singular
jump-linear systems with a large state space. In chapter 4, we established sufficient
conditions for stability of solutions of singular linear hybrid systems. Using the limit
of the system as a guide, we employ perturbed Liapunov function methods to show
that if the limit system is stable so is the original system in a suitable sense for e

small enough. A few further remarks are provided in Chapter 5.
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Chapter 2

Preliminaries

This chapter is devoted to certain background materials used in the rest of this
dissertation. In what follows, we focus on Markov chains in Section 2.1, irreducibility
and quasi-stationary distribution in Section 2.2, and switching-diffusion processes in

Section 2.3.

2.1 Markov Chains

Throughout the dissertation, we denote M = {1,2,--- /m}. For any matrix A, we
use A’ to represent its transpose. A jump process is a stochastic process with right

continuous and piecewise constant sample paths.

Definition 2.1.1. Let a(-) = {a(t) : t > 0} be a jump process defined on (2, F, P)

taking values in M.Then a(-) is a Markov chain with state space if
P(a(t) =ila(r) : r < s) = P(a(t) = i|a(s))
forall0 <s<tandie M.

For any i,7 € Mandt >t > s > 0, denote P(t, s) the transition matrix (p;;(t, s))

of the Markov chain a(-), where p;;(t,s) = P(a(t) = jla(s) = i). If this transition
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probability depends only on (¢ — s), then «(-) is called stationary. Otherwise, it is

non-stationary.

Definition 2.1.2. The matriz Q(t) = (qi;(t)) for t > 0 is said to satisfy g-property
if for alli,j € M andt >0, qii(t) = — 3, qin(t) and q;;(t) is Borel measurable,

uniformly bounded, and positive.

Any matrix that satisfies q-property may be called a generator. Let Q(z,t) be an
x-dependant generator; that is, Q(x,-) is a generator for each x. From now on, for
1 € M and an appropriate function © on M, we denote

Qz,tulz,)(1) = Y qy(@)ule,j) = Y ay(e) (ulz,5) = ulx,i))

JEM JEM,j#i

2.2 Irreducibility and quasi-stationary distribution

Definition 2.2.1. (irreducibility)

1. A generator Q(t) is said to be weakly irreducible if the system of equations

v(t)Q(t) = 0, > uit)y=1 (2.2.1)

%

has a unique solution and all coordinates of this solution is non-negative.

2. A generator Q(t) is said to be strongly irreducible, or simply irreducible, if all

coordinate of the unique solution of (2.2.1) is positive.
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-2 2
For example, ()1 = is weakly irreducible, but it is not irreducible,
0 0
-2 2
whereas )y = is irreducible.
4 —4

Definition 2.2.2. Fort > 0, v(t) is termed a quasi-stationary distribution if it is

the unique solution of (2.2.1) with non-negative coordinates.

2.3 Switching-diffusion processes

Let B(-) be an Ré-valued standard Brownian motion defined in a filtered probability
space (2, F,{F:}, P). For suitable functions b(-, -, -) and o(-, -, ), the two-component
(X(+),a(+)) is called a switching diffusion or a regime-switching diffusion if the con-

tinuous dynamics satisfies stochastic differential equations
dX(t) =b(X(t),a(t),t)dt + o(X(t),a(t), t)dB(t), X(0) =z,a0) =1, (2.3.1)
and the pure jump process «(-) satisfies the transition law

Pla(t+ A) = jla(t) =14, X(s),a(s),s <t) = q;(X(£) A+ o(A). (2.3.2)
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Associated with (2.3.1) and (2.3.2), there is an operator £ defined by

ef(r.t) = lm AiE (/X + A0yt + At), £+ A1) — f(a,,1)]

_ 8f(g;“ D o (0, )b, 0, 1) + Te(V2 (0, ) A, 0, 1))
Q0. 0() (2:33)
Of (z,1,1) 8f Of(z,u,t)
;b ; 7 81_1
e 62f( )
5 z:: 837181'] + Q(]?,t)f(.’l’), 'at)(L)a

where V and V? denote the gradient and Hessian operator respectively and A =

(aij) = O'O'/.

Figure 2.1: Switching-diffusion process

Figure (2.1) illustrates the motion of switching-diffusion processes. Suppose that
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there are m identical circles. On each circle, the underlying process evolves as a
diffusion, and it jumps from one circle at position x to the same point on another circle
instantaneously. The law of transitions satisfies equation (2.3.2). If it may jump to
any point on another circle instantaneously, then integro-differential equations involve

(see II'in et al. [22]). More details about switching-diffusion can be found in Yin and

Zhu [53, chapter 2].
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Chapter 3

Asymptotic Expansions of
Solutions of Systems of
Kolmogorov Backward Equations
for Two-Time-Scale Switching

Diffusions

3.1 Introduction

This chapter is concerned with systems of Kolmogorov backward equations, which
arise in switching diffusions and describe properties of the associated functionals. Is
it possible to construct asymptotic expansions for hybrid switching systems? In this
chapter, we answer this question by analytic methods. The structure of the chapter
is as follows.

Section 3.2 presents the problem formulation. One distinct feature considered here

www.manaraa.com
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is: We do not assume that the jump process to be Markov, but rather, the switching
component has a generator Q(z,t) that depends both on the continuous state xz and
the time ¢. That is, the switching process is not homogeneous in time and is coupled
with the continuous dynamics. For recent results on switching diffusions, we refer the
reader to Zhu and Yin [54].

In light of the different rates of changes, we treat two distinct cases, namely, the
fast-varying switching in Section 3.3 and the rapidly-changing diffusion in Section
3.4. In the first case, although the discrete component lives in a finite set, the set is
rather large owing to various modeling considerations of complex systems and ran-
dom environments. As a result, one often has to treat a large dimensional system of
partial differential equations. Aiming at reducing the computational complexity, we
introduce a two-time-scale formulation in the models. We may divide the large state
space of the discrete component to subspaces such that the interactions within each
subspace are frequent, but the changes from one subspace to another are relatively
rare. Lumping the states in each subspace into a single super-state leading to a re-
duced system. Corresponding to the reduced system, the total number of Kolmogorov
PDEs is substantially less than that of the original one. Thus, we achieve the goal of
reduction of complexity by aggregating states and by taking appropriate averaging.

In the second case, the diffusion part has two diffusion processes. One of them is
fast varying, whereas the other is slowly changing. Suppose that we are interested

in finding the optimal controls of a suitable cost function for this switching diffusion.
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It is difficult to solve the problem directly due to the different time scales and the
interactions of the continuous dynamics with that of the discrete events. Nevertheless,
under suitable conditions, the fast-varying diffusion does not blowup, but it has an
invariant probability measure. As a result, it may be viewed as a noise and can be
averaged out with respect to the invariant measure leading to a limit system. We
can proceed to use the optimal control of the limit system (assuming that it has an
optimal control) to construct controls of the original system. This leads to near-
optimal controls of the original systems with reduced computational effort.

For both cases, our approach is constructive. It provides a step-by-step and induc-
tive procedure. Using averaging techniques, we derive asymptotic expansions leading
to a reduction of complexity. Upon obtaining the formal asymptotic expansions,
we derive the error bounds. This enables us to show that the asymptotic series so
constructed are uniformly valid with desired uniform error bounds.

The novelty of our approaches includes the following aspects. (1) In both the
aforementioned papers, the switching takes place in an irreducible finite set, whereas
the switching is allowed to evolve in several irreducible classes in our work. (2) The
solutions of the forward equations are probability measures, whereas those of the
backward equations are functionals. To facilitate the analysis, new techniques are
developed in our work. (3) For the forward equations, the probabilistic nature enables
us to use the orthogonality (with respect to the invariant measure) directly, whereas

in our work, we need to bring out certain orthogonality from tangled information. We
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note that the asymptotic expansions constructed will be of utility for many control
and optimization problems of large-scale and complex systems.

Section 3.5 gives some illustrations and remarks.

3.2 Problem formulation

Consider a switching diffusion, a Markov process Y (t) having two components, a
continuous component X (¢) and a switching component a(t). The state space of the

process is

X=8xM

where S is the unit circle and M = {1,...,m}. By identifying the endpoints 0 and

1, let x € [0, 1] be the coordinates in S. Suppose

b(-,+,-) 1 [0,1] x M x [0,T] - R

o(-y+)[0,1] x M x [0,T] — R.

The dynamics of the process can be represented by the following stochastic differential
equation

dX (1) = b(X (), a(t), )t + o(X (1), alt), )dB(t), (3.2.1)

together with transition law for the second component a(t)

Pla(t+A) =La(t) =k X(t) = x) = gu(x, ) A + o(A), (3.2.2)

www.manharaa.com
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where o(A)/A — 0 as A — 0. In the above, B(-) is a standard real-valued Brownian
motion, and Q(x,t) = (qre(z,t)) is an x and ¢t dependent generator for the jump

process satisfying for each k,¢ € M,

qre(z,t) >0, when k # £, and Z qre(z,t) = 0.
leM

Associated with (3.2.1) and (3.2.2), there is an operator £ defined by

Lz, t)u(z,t) = (Ly(z, t)ulz, 1,t),. .., Li(z, t)u(z,m,t)) where
1 o 0
Li(x, t)u(x, k,t) = 5&(:6, k,t)@u(x, k,t) + b(z, k:,t)%u(x, k,t), ke /\/(l?,) .

u(z, k,t) is a real-valued function for each k € M,
u(z,t) = (u(x,1,t),...,u(x,m,t)) € R™,

and

a(x, k,t) = o*(z,k,t), k € M.
Consider the following system of equations

9
= opul ko) = Li(x, u(, k1) + Q. hu(x, - 1) (), k € M, (3.2.4)

u(z, k,T) = g(z, k), ke M,
where for each k =1,...,m, u(-, k,-) € C*'([0,1] x [0,77]) (twice continuously differ-

entiable with respect to « and continuously differentiable with respect to t), and

Q(z, tyu(e, - t)(k) = > qre(x, thu(z, (1),

LeM

System (3.2.4) is the well-known system of Kolmogorov backward equations.
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3.3 Switching Diffusions with Rapid Switching

Let € > 0 be a small parameter, a*(-) be a jump process with state space M and

Q(z,1) is of the form

Q(z,1) = + Q(z, ). (3.3.1)

Henceforth, we relabel the states of M so that
M=M UMy UM, UM, (3.3.2)

where
MZ - {8117 ey Snm}y

forc=1,...,1 and

M* - {S*l, e ,S*m*}

In what follows, we will use s,, with ¢« = 1,...,[,* and 3y = 1,...,m, to denote a
state in M. Sometimes, when we use k € M, we mean k is one of the s,,’s. This
convention will be used throughout the section.

Assume that @(w, t) is of the form:
Q'(x.1) )

Oz,t) = - . (3.3.3)

Q'(z,1)
Qi) ... Qlx,t) Qu(x.t)

Denote

u(z,t) = (U (@, 80y, t) 0 sy €M, v=1,.... 0%, 3=1,....m,),

/

g(x):(g(x781‘]): SZ]€M7 Z:17"'7l7*7 ]:17"'7ml)'
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Then the system of different equations (3.2.4) has the form

—%ue(x, t) = L(z,t)u(x,t) + Q°(z, t)u(x, 1), (3.3.4)

u (x,T) = g(z). (3.3.5)

We make the following assumptions.

(A1) Foreachv=1,...,1,t € [0,T], and each z € [0,1], Q"(z, t) is weakly irreducible

in that for any + = 1,...,l and = € [0, 1],

V' (2, 1)Q'(x,t) = 0, V() L, = Y v, t) = 1,
=1

where 1,,, = (1,...,1) € R™ has a unique solution, and the solution is termed

a quasi-stationary distribution.

(A2) For some positive integer n, Q(-,-) and Q(-,-) € C2™+2n+2(]0 1] x [0, T]). That
is, Q(-,+) and Q(-,-) are 2(n + 2)-times continuously differentiable with respect

to x and (n + 2)-times continuously differentiable with respect to t.

(A3) For each t € [0,7] and z € [0,1], Q,(z,t) is Hurwitz (i.e., all of its eigenvalues

have negative real parts).
(A4) For each k € M, g(-, k) are periodic in x with period 1 and g(-, k) € C?™+2)([0, 1]).

(A5) For each k € M, a(-,k,t), b(-,k,t) are periodic in = with period 1 for all

te [OaT] and a('? k; ')7 b(7 ka ) € C2(n+2),n+2([0’ 1] X [O7T])
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3.3.1 Construction of Asymptotic Expansions

For convenience, we use a stretched variable

T = : (3.3.6)

which magnifies the details of the solution near the terminal time 7". Denote
Q8 (z,t) = (P5 (z, kyt) s k=5, 1=1,....0,% 7=1,...,m,),
Ue (2, 7) = (VU (2, k,t) s k=5, 0=1,....0,% 7=1,...,m,).

We aim to approximate the solution u®(z,t) of (3.3.4) by

¢ (z,t) + Vi (z,7), where

n

O (2, 1) = Y ol t), Vi(w,7)= zn:ewj(x,r).
j=0

3=0

(3.3.7)

In constructing the asymptotic expansions, to obtain the desired estimates, we
need to compute a couple of more terms. Thus, we need to compute ®5(x,t) for
i < n+2. Substituting ®5(x,t) fori = 0,...,n+2into (3.2.4) and equating coefficients

powers of £, we obtain:

@(l‘, t)¢0(x> t) =0,

8 ~
Q(x, )y (2, 1) = —aqﬁo(l‘,t) — (£ +Q)(z, t)do(z, 1), (3.3.8)

Qw060 (w,0) = — o u(w,0) — (£ + Q). )0u(z.),

fori=1,...,n+ 2, where

Lz, t)di(z,t) = (L(x, )iz, k,t) i k=35, 1=1,...,0,%x, 3=1,...,m,)". (3.3.9)
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Likewise, substituting W,(x, 7) for i < n + 2 into (3.3.4), we obtain

% (Z el (w, 7')) = Z gl (@(w, T —er)+ell+Q)(x, T — 57))%(:3, 7).
" " (3.3.10)

For simplicity, we denote the jth-order partial derivative w.r.t. ¢ by

_  f(x,t)

() A Nt A
F9at) = =2

in what follows. By means of the Taylor expansion, we have

~ L OW (g _
Qz, T —eT) = Z M(—W)J + Ri(z,eT),
j=0 )

J
. i N) () L
e(L+Q)(z, T —eT) = Z Chs Q;.' (= T)s(—sT)J + Ri_i(x,e7),
§=0 '

where R;(z,e7) = O(e™) and R;_y(z,e7) = O(¢"+) uniformly in z € [0,1] for any
7 > 0. Equating coefficients of powers of €, for i« = 0,1,...,n + 2 and using the

Taylor expansions above, we obtain

PAET) _ Gt Tyt ),

% = Qa, Ty (e, 7) + (~7QW (@, T) + (£ + Q)(w,T) ) olw, 7).
PALT) G, Tye, ) i, 7)

() = - . i—jé(i_j)(x7T) . i—j—1(£+@)(i_j_1)(va) (r T
Tz( ) )_ — <( ) (2_])' +( ) (2_]_1)| >¢J( ) )

(3.3.11)

From the initial condition, we derive

oo(z,T) + Yo(x,0) = g(x) and ¢;(x,T) + 1;(x,0) = 0, for i > 0.
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Therefore, we obtain

¢0(m7 T) = exp(Q(m, T)T)(g(:l?) - ¢O(m7T))7
Vi(z,7) = — exp(Q(x, T)7)di(z, T) + / exp(Q(z, T) (T — 5))ri(z, s)ds, for i > 0.
’ (3.3.12)

Denote

[ 1. )

i(z,t) = : (3.3.13)
]lmz
\ d'(x,t) ... d(x,1)

where d'(z,t) = —Q; (2, t)Q".(z, )1, for 1 =1,... 1.

In what follows, we will prove the smoothness of ; for 0 < i < n + 2 and the
exponential decay of v; for 0 < ¢ < n 4 1 which implies the desired error bound by

Lemma 3.3.9.

Lemma 3.3.1. The solutions of the equation @(m,t)qb(m,t) =0 are given by

¢(x,t) = L(z,t)B(z,1)

with B(z,t) = (BY(x,t),..., B (x,t)) € R.. More precisely, ¢(x,t) is of the partitioned
form
¢z, t) = ([0"(z, )], [¢' (2, )], [¢" (2, 0)])',
such that ¢'(x,t) € R™*! and ¢*(z,t) € R™*! satisfy
¢'(x,t) = B'(x,t) I,
¢*(x,t) = ilﬁ’(x,t)dl(x,t).
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Proof. Let ¢(x,t) = ([p*(z,b)], ..., [¢'(z, )], [¢*(x,t)]") be a solution of the above
equation. Then for any 1 =1,...,1,

Q' (@, 1) (x,1) =0,

!

> Qu(w, )¢ (w,t) + Qulw, t)¢"(x,) = 0.

1=1

Thus
(#(xv t) = 51(% t)]lmm
!
¢*(xa t) = Z _ﬁl(x7 t)Q:l(xa t)Qi(x’ t)]lmz'
=1
The lemma is proved. O
Denote
1, v (2, T) \
P(x) = L(T)v(x,T) =
1,/ (x,T)
dY(z, T)v (2, T) ... d'(z,T)W(z,T) Om,xm.
(3.3.14)
with
vi(z,t) O1x7m.,

v(x,t) = (diag(v!(z,t),..., UM x,1),0m.)) =

V(x,t) Orxm,
(3.3.15)

Lemma 3.3.2. For each v = 1,...,l, suppose that @Z(x,T) 15 weakly wrreducible.

Then there exist constants C' and v such that

| exp(Q'(x, T)7) — Ly, (z,T)| < Ce 7.
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Proof. See Yin and Zhang [52, Lemma A.2].

Lemma 3.3.3. There exists positive constants v and C' such that
|exp(Q(z, T)r) — P(x)| < Ce™™, for all T,

where |A| is the matriz norm, e.g., |A| = [|A]| -

Proof. To prove this lemma, it suffices to show for all m-column vector z

‘ [exp(é(x, T)r) — ?(m)] 2

< Ce 77zl

Given z = (2%,..., 21, 2*) € R™ set

y(x,7) = (y(z,7),... ,yl(x,T),y*(x,T))’ = exp(Q(z,T)7)z.

Then
( Ly, (z, T)2" \

B L, vt (2, T) 2!

idl($, T (z,T)z"
\
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and for:=1,...,1[,

Then

v (2.7) = exp(Qule, )T+ 3 / Cexp(@. (2, T)(r — 5)@. (T (z 5)ds,

and for each v =1,... 1,

~

y'(x,7) = exp(Q'(z,T)T)2".
By Lemma 3.3.2,
ly*(z,7) — Wy v (2, T) 2| = |exp(©’(m,T)T) — 1, v (x, T)|]z| < Ce 7 |z|.

Since Q. (x,7) is a Hurwitz matrix, we have

1) = [ en(@u e T)s)ds
=— /OT exp(Qx(z, T) (T — s))ds — / exp(Q.(z, T)s)ds.

Therefore,

Yy (z,7)— Z d'(z, T)'(z,T)z"
—ep(@.le. 1))+ 3 [ exp(@. e, T = Qe T 5)ds

l

370 @, 1)@ (2. T L (2. T) ="

=1

l
= Ao+ Aw+ DA,

1=1
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where

Ay = exp(Qs(z, T)7)2",
Ap = — Z /00 exp(Q.(x,T)s)Q" (z, T) 1y v (x, T)Z'ds
h= / exp(Qu(x, T)(7 = ))QL(z, T)[exp(Q'(x, T)7) — Ly, (2, T)]2'ds.

for t =1,...,1. For the first two terms, we have

|Ag] < Ce™ ™ |z]

|As| < C’/ e Wlzlds = Ce 7 |z|.

Moreover, owing to Lemma 3.3.2, for each 1 = 1,...,1,
|4,| < C’|z|/ e e ds = Cre™ 2| < Ce |2
0

for some 0 < 7 < . These inequalities lead to the desired result. a

3.3.2 Leading Term ¢(z,t) and Zero-order Terminal Layer
Term g(x, T)

Since, in view of (3.3.8),

Q(z,t)po(z,t) =0

We derive from Lemma 3.3.1 that

do(z,t) = L(x, t)Bo(x, t).

. Of (z,1)

Recall that for a suitable function f(x,t), f(z,t) = e Then

(;‘50(513, t) = i(xvt)BO(xa t)a
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SO

Qa, )i (a,t) = —1(z,)Bo(x,t) — (L + Q) (a, t)(L(z, ) Bolx,t)) X bo(a,t). (3.3.16)

By definition, we have v(z,t)Q(z,t) = 0 and v(x,t)1 = I, € R the [ x | identity

matrix with v(z,t) given in (3.3.15). Multiplying both sides of equation (3.3.16) from

the left by v(z,t), we obtain
Bola,t) = —v(a, t)(L + Q) (x, ) (T (z, t) Bo(, ).
In view of (3.3.12),

Yo(x,7) = exp(Q(x, T)7)(9(x) — do(, T)).

(3.3.17)

(3.3.18)

We demand that vg(xz,7) — 0 as 7 — oo. Letting 7 — oo in (3.3.18) and noting

exp(Q(z, T)7) — P(z) with P(x) given in (3.3.14), we obtain
P(x)o(x,0) = 0.

Multiplying both sides from the left by v(z,T), (3.3.19) is equivalent to
v(z, T)Yy(x,0) = 0.

On the other hand,

V(xaT)d}O(m?O) = V(I,T)(Q(I) - ¢0($,T))
=v(x,T)g(z) — Bo(z,T).

Thus

Bo(z,T) = v(x,T)g(x).

(3.3.19)

(3.3.20)

(3.3.21)

(3.3.22)

www.manharaa.com



28

Conversely, condition (3.3.19) holds provided [y(z,T) satisfies (3.3.22). As a result,

Bo(z,t) can be determined from differential equation (3.3.17) and terminal condition

(3.3.22) uniquely. Moreover, with this Gy(z,t), we also have v(x, t)go(x, t) = 0.

3.3.3 Higher-order Terms

Q1)
(

v(x,t)

Define Q,(z,t) = . Then we have the following Lemma.

Lemma 3.3.4. Under condition (A1), rank(Q,(x,t)'Q,(z,t)) = m.

Proof. Let w(z,t) € R™*! be a solution of
Qu(z, t)w(x,t) = 0.

Then (3.3.23) yields

Q(z,)w(x,t) =0 and v(z,t)w(z,t) =0.
For the first equation above, in view of Lemma 3.3.1,
w(z,t) = L(x, t)n(x, t).
Substituting this into the second equation, we obtain

vz, t)w(z,t) = v(z, t)1(z, t)n(z,t) = n(z,t).

Son(x,t) = 0and hence w(z,t) = 0. Thus the only w(zx,t) = (wq(z,1),.

R™*! satisfying

wl(x,t)@i(x,t) Tt wm(x,t)va(x,t) =0

(3.3.23)

L wp(x,t)) €
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is 0, where Q¥(z,t) is the kth-column of Q,(x,t) for each k = 1,...,m. Thus the m

columns of Q,(z,t) are linearly independent. Hence
rank(Q,(x,t)) = m.

As a result,
rank(Q’ (z,t)Q,(z,t)) = rank(Q,(z,t)) = m. O

To proceed to the error bound, for ¢ > 0, we construct ¢;(z,t) and ¥;(z, ) by in-
duction. Suppose that the terms ¢;(x,t) and v;(z, 7) for j < i have been constructed

such that v;(z, ) decays exponentially fast and ¢;(z,t) are smooth. Moreover, as-

sume v(x,t)bj(x,t) = 0 for all j < i. Using (3.3.8), we have

def 77

@(SL’, t)¢z(£lf, t) = —Q'Si_l({E, t) - ([: + @)({E, t)gbi_l(l', t) = bi_l(él}, t) (3324)

Thus, by Lemma 3.3.1, ¢;(x,t) is the sum of solutions to the homogeneous equation

and a particular solution 51(37, t) of the nonhomogeneous equation. It is of the form

b, t) = 1(z, ) Bi(e, 1) + o, 1) (3.3.25)

such that

~ ~ ~

Q(.’E, t)(bz(.’lf, t) = bi_l(.’E, t)

The Fredholm alternative leads to v(z, t)bi_1(x,t) = 0. Denote Q,(x,t) as defined in

~ bi_ Z, t ~
Lemma 3.3.4 and b;_(x,t) = ( 1) ) We can find a unique solution ¢;(x,t)
0

of (3.3.24) such that @(x,t)g/b\i(x,t) = bi_1(x,t) and v(z,t) is orthogonal to qASl-(x,t).
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That is,
Qu(x, )i(x, 1) = by (2, 1).
Lemma 3.3.4 implies that the particular solution is uniquely determined by
Oi(2,1) = (Qu(, ) Qu(x, 1)) Qu (w, 1) b1 (2, 1) (3.3.26)

On the other hand

Q,t)piai (2,1) = —di(x,t) — (L + Q)(w, )i, t) E by(x,1).

Multiplying both sides by v(z,t) from the left and noting (3.3.25), we deduce

(3.3.27)
Equation (3.3.27) is uniquely solvable if the terminal condition is specified. We need

to use the terminal layer term to determine the terminal condition. In view of (3.3.12),

Uiz, 7) = — exp(Q(x, T)7)di(z, T) + /OT exp(Q(x, T) (T — s))ri(z, s)ds.  (3.3.28)
We demand that ¢;(z,7) — 0 as 7 — oo. Letting 7 — oo in (3.3.28) and noting that
exp(Q(z, T)7) — P(x)

with P(z) given in (3.3.14) and that 7;(x,t) decays exponentially fast, we obtain
P(x)y(x,0) + /000 P(x)ri(z,s)ds = 0. (3.3.29)

By multiplying both sides from the left by v(z,T), the above equation is equivalent

to

v(x, T);(x,0) + /000 v(z,T)ri(z, s)ds = 0. (3.3.30)
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We have
v(a, T)y(z,0) + /O " U Ty, s)ds
(e, (2, T) + /0 " U, TYri(w, 5)ds
— —Bi(x,T) — v(z, T)i(x, T) + /O N v(x, T)ri(s)ds
— Bz, T) + /0 " U, TYri(e, 5)ds.

Note that the integral involving r;(z, s) is well defined since |r;(z,s)| < C'e™* by

(3.3.31)

induction hypothesis. By virtue of (3.3.29) and (3.3.31), we obtain

Bi(x,T) = /00 vz, T)ri(z, s)ds. (3.3.32)

0
Conversely, when 3;(z, T') satisfies (3.3.27), condition (3.3.29) holds as desired. Then
O, t) = W, )i, 1) + Gilw, 1) = T, By, t) + (Qula, ) Qulw,£) ™ Qular, ) bics
(3.3.33)

with f;(x,t) uniquely determined by the differential equations (3.3.27) and the termi-

nal condition (3.3.32). In addition, v(z,t)b;(z,t) = 0. Moreover, by the construction,

it is readily seen that ;(z, 7) decays exponentially fast.

Proposition 3.3.5. ¢; € C2"*+2=0n+2=i(]) 1] x [0, 7)) for anyi=0,...,n+ 2.

Proof. We prove this by induction. First, denote Q,(z,t) = (Q(x,t) 1(x,t)). Then

v(x,t)Qu = (Opserm I).

Moreover, using irreducibility of @"(:v, t) for e = 1,...,1, we can follow the proof of

Lemma 3.3.4 to prove that rank(Q’ (z,t)Qa(x,t)) = m. So

v(2,) = (Oxm 1)Q4 (@, 1)(Qalz, ) Q4 (2, 1) "
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Thus v(-,-) € C2+2m+2([0,1] x [0, T]) and 1(-,-) € C*+2:1+2(]0, 1] x [0, T]). There-
fore, (3.3.17) implies that By (-, -) € C2"F2:m+2([0,1]x[0, T]). So ¢g € CHn+2:n+2([0, 1] x
[0,7)). Assume that ¢; € C*n+2=9)n+2=3([0,1] x [0,T]) for any j < i. In view of
(3.3.24), we deduce b;_, € C2(n+2-0n+2-i(]0 1] x [0, T]). Then we derive from (3.3.26)
and (3.3.27) that ¢; € C2n+2-0n+2=i([0 1] x [0, T]) and B; € C2n+2=dn+2=i([0 1] x

[0,7)). Thus (3.3.33) implies ¢; € C2+2=9n+2=4([0 1] x [0, T7). O

Lemma 3.3.6. For a fized integer i and an integer h satisfying 0 < h < 2(n+2—1),

put
O (, )

ozh

h

w; (z,T) =

Assume for any T, x,
[Yi(a, 7)] < Ce™"

Olry(x,T)

Cr
5 < Ce .

max
h=0,...,2(n+2—1)

Then for any T, x,

max ) lwi(z, 7)| < Ce.
—i

Proof. First,

i (x,7)| = [i(a, 7)| < Ce™7.

Suppose for any hy < h,

!wﬁ“ (z,7)| < Ce™™, (3.3.34)
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Then (3.3.11) implies

owl(z, ) B a h! 8h_h1@(x,T) Iy Ory(z,7)
or N Q(x Tywi(@,7) + Z h1 h—hy)!  Qzh—M i (z,7) + Oxh
wh(z,0) = —8:1:h )
(3.3.35)

It follows that

wh(z,7) = exp(Q(z,T)m)w h(w 0)
o th(:c T) 4

+Z/ Pl(h — hn)! h )l exp(Q(:E TN —58)—F7— g Wi (z,8)ds

hri(z, s
+/0 exp(Q(z, T) (T — s))%d&

(3.3.36)

he ~

e = MO, T)

’LU?’(.CL') def V([I},T)QU?(CIZ’,O) + Z A ml/(l‘,T)th (;[,' S)dS
1=0

o] h _
+/ vz, T)Md&
0

oxh

We claim that

wl(x) = 0. (3.3.37)
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Note that (3.3.36) implies

jwl (2, 7)| < [exp(Qa, T)7) = P(a)|[w](z,0)

h—1 T h! ~ o 3""“@(3;, T)
" Z/ T = [P @E T = ) = Pl || =5
X |w?1(x,s)| ds
h—1 00 h' - ah—hl @(.T, T) .
+Z/ tth ot | PO =g | [ (@ )] ds
O"ri(x, s)

+ /0 "exp(D(a, T)(r — 9) —?(x)‘ ds

* = 8hi )
+f \P(x)ll%

<Ce " +(h+1) / Ce "9 e " ds + (h+1) / Ce ds
0 T

Oxh

ds

=(Ce 7.
Note that we use v to represent a generic positive constant, whose value may be
different for different appearances. Now we prove (3.3.37). In fact, (3.3.30) implies

for any hq,

h! " w(x,T) | hoore h oh=tv(x, T) O'ry(x, s)
d(h =) Oxh wi, 0) + ;/0 d(h—2)! Ozh—r ot ds =0,

hy!  OM~w(x,T)0'Q(x,T)

i

— d(hy — )l Oah or 0
(3.3.38)
We derive from (3.3.11), (3.3.38), and (3.3.35) that
h—1 h—1
~ Rl ohtw * h 9w(x,T)0r(z,s)

h = — TYw _ ) 1\ d
() ; (h—1)! 8xh—b(x’ Jwi(,0) ;/0 d(h =) Ozh— oz
h—1 00 | h—h1—1 _ | h—h1—t T ey T
- / | - ! > ! L |8 h—i(f: )0 Q(x: )wfl(:c,s)ds.

= o hal(h —h)!l = d(h—hy =)t Ozt oz
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On the other hand, the last term of the above equation equals

oo h—h1 L h—h1—t)
h O'v(z,T) 0 Q(x,T) 4, (2, 5)ds

h—1 |
h

© L pl (h—2u)! vz, T) 0" M Qx,T) . (¢,8)ds

:_Z/O Z(h—L)!L!hll(h—L—hl)! o Dgh—ta—r i

=1 h1=0
h—1 . ~

h! > u! o=v(x, T)0""™MQ(z,T) ,
==Y : =l (2, 5)ds.
; L'(h — L)' /0 l;:o hl!(L — hl)l Oxh—t Ori—h W (l‘, S) s

Hence,

h—1

- h! O w(x, T)
h _ E ’
wi(z) = - - U(h =) Oxh—

1=

h—1 . _
o T) [ ) e OT)
R 2; d(h=o)t Ot /0 (hz_:() hal(e —hy)! O w;' (7, 5)

wy(z,0)

éfri(x, s)
e ) .
— Rl ohtw h! " tw(x, T) [ Ow!(z,s)
—_ TV B ; A
Z (b =) axhﬂ(x’ Jwi(,0) —l(h =)l Oxh— /0 Js ds

’iil | h—t h—1 | h—t o0 ¢
_ Z ' ! 0 V}(LI’,T) W (,0) !0 V}S$,T) / ow(z, s) s
(b =)t Oah d(h =)l Oxh— 0 Os

h—1
R " w(x,T) . .
- _ Z N lim w; (z,5) =0.

=0

The last equation holds owning to (3.3.34). Thus (3.3.37) is valid. Therefore,

M

1]

|wf‘(:r:, 7')| <Ce ™

for any h. O

Proposition 3.3.7. There exist constants C and 0 < ~; < ~ such that for any
0<i1<n+1,

Opi(z, 7)

Sh|SCe, vr20,0<s<l. (3.3.39)

max
h=0,...,2(n+2—1%)
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Proof. First, under condition (3.3.19), we have

[o(w, 7)| = [P(2)o(x,0) + (exp(Q(z, T)7) — P(x))o(x, 0)]

~

= [exp(Q(z, T)7) — P(2)][tho(z, 0)]
< Ce 7.

Applying Lemma 3.3.6 with ro = 0, we deduce that (3.3.39) is valid for i = 0. Assume

that for any j < 1,

oMy (, 7)

-
D < Ceg™mm,

max
h=0,... 2n+2

Then
ahri (.’E, T)

5 < Ce™ 7,
x

with v = min (71, ...,7-1). Under condition (3.3.29), we deduce

(e, )| < |(exp(@(a, T)7) = PYui(z,0)]
/0 (exp(O(x. T)(7 — )) — P)ri(x, s)ds

<Ce "+ C/ e85 s + C’/ e %ds.
0 T

+ +

/ —Pri(z, s)ds

Thus

Vi, )| < CeT.

Lemma 3.3.6 again shows that (3.3.39) holds for i. This completes the proof by

induction. O

3.3.4 Error Estimates

For a suitable function f, define

Lef = g—{ +Q°f+Lf. (3.3.40)
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Lemma 3.3.8. Let w(x,s) be the solution of the following equation

L# (2, hw(z, t) = ((x,1), Jort <T. (3.3.41)

w(z,T) = 0.
Then

wi(z,t) = —E/t C(Y=™"(s))ds.

where Y55 (t) = (X°(t),a(t)) satisfies

Proof. Since L¢ is the generator of Y¢, by virtue of Itd’s formula,
wlz,t) = w(Y*(T)) —w(Y=(t))
T
_ / Lew(Ye(s))ds + M(t) (3.3.42)
t
T
=~ [ cveons + o),
t
where M (t) is a martingale. Taking expectation in (3.3.42) leads to the desired
assertion. O
Lemma 3.3.9. Suppose that ¢ € C([0,1] x [0,T]) is periodic in x € [0,1], satisfying
sup IC(x,t)] < Ce”.
(2,£)€[0,1]x[0,T]

Let &5 (x,t) be a solution to

Lo (x,t) = ((x,t),  &(x,T)=0,  Vzelo1] (3.3.43)

Then

sup 1E5(x, t)| < Ce™.
(z,t)€[0,1]x[0,T]
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Proof. The desired result follows from the previous Lemma. O
Theorem 3.3.10. There exists a C' > 0 such that

sup  [pf(a,t) — @5 (2, 1) — ¥ (2, 7)| < O
(w0)€[0,1)x[0.7]

Proof. Recall the definition of 7 in (3.3.6). Put

ez, t) = p(x,t) — P (x,t) — U (z, 7).
Then Lu(z,t) = 0 and therefore,

Lees (x,t) = —L°® (z,t) — LoV (z, 7).

Moreover

K

LedE (x, 1) Zz—:’gbz 1) Z E'Q(z, )iz, t) + Y (L + Q) (,1)py(x,1)

=0

—Ze Q. )i (z,1) — (£ + Q)(, 1) +Zez 'Q(w, t)gi(x, 1)
+ Zs (L + Q) (x, )iz, 1)
= —e"Q(x, 1) P (a,8) + ' Q(x, t)do(x, 1) .

0

So

ILE0% (2, 1)] < Ce™.

Note that

d
STl = L),
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which yields

RACREDY . > Qe ) + 3+ Q) o)

= Z gi_l(_@(x7 T)wz(xv T) - Ti(xa T)) + Zei—lé('% t)¢i(x= T)

=0

+ 3L+ Q) i, 7)

=3 Q. T) + Qla, )il 7) = 3 e ()

1=0 =0

+ Z E(L+ Q)(x, )i(z, 7).

For the second term, we have

K
Z e tri(x, 7)
=0

R QU (2, T) i (L+ Q) (2, T)
_ Zgz 1 Z ((_7)1 1= (=) — ) (@, 7)
=1 7=0 (Z_j)' (Z_j _1)'
e i ~_‘@(i_j) (xv T) i—1 i—j—1 (E + Q\)(i_j_l)(x7 T)
=22 (8’ Her) o= e () — )103'(3”77)
=55 (i =) (i—j -1
Kol k . O (g . - 0)i=i=1) (g
- Z 3 (69_1(15 - T)Z_JQ(Z-_—(-)’!T) e -y e +(Z-Q1 j— 1)(! ’T)> Wy, 7)

Therefore,

LW (1) = & (=Q@. 1) + Q. ))u(e,7) + (L + Q) a thina.7)
— [~ & 00 (1
+2_ 7 (@u,o DI T)ZW) ¥y(a,7)

k—1 ' N Kk—j—1 ' N () T
+Ye ((u@)(x,t)— (- EEO ’T)>¢j(x,7).

(3.3.44)
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Using Taylor expressions and Proposition 3.3.7, we obtain

k—1
Low; (v.7) ‘ < Ce Mt —Tle ™ +Ce" + O3 &t — T e
=0
r—1
+C> =T e
=0
k—1 k—1
=Cefre " +Ce" + C Z ghph=itle™™ 1O Z ghirh=i e ™
Jj=0 Jj=0
< Ce".

Piecing this together with the estimates on L®,(z,t), we have shown that

sup |Lee™"(z,t)| < Ce"™.
(x,t)€[0,1]x[0,T7]

Note the terminal condition e**(z,T") = 0. Thus Lemma 3.3.9 implies

sup le®(x,t)| < Ce”.
(w,t)€[0,1]x[0,T]

Taking x = n + 1, we obtain

sup le=™ (2, )| = O(e™™).
(z,t)€[0,1]%[0,T]

Finally, note that
€E’n+1($, t) = e (CC, t) + 5n+1¢n+1(x7 t) + 5n+1¢n+1(x7 T)' (3345)

The continuity of ¢, 1(z,t) and the exponential decay properties of 1,,,1(x, 7) yield
that

sup le" M 1 (@, t) + " (2, 7)| < Ce™H
(x,t)€[0,1]x[0,T]

Substituting this into (3.3.45), we obtain

sup le=™ (2, 1)| < Ce™. O
(2,t)€[0,1]x[0,T]
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3.4 Fast Diffusion
Suppose that «(t) is a jump process with generator Q(z,t). Let two operators L and

L be defined as in (3.2.3) where a and b are correspondingly replaced by @ and b (@

and b respectively). That is,

~ 1. 02 ~ 0
Lz, t)u(z, k,t) = %a(x, k,t)@u(x, k,t) + b(z, k,t)%u(m, k,t)
Lz, t)u(z, k,t) = §a(9c, k,t)@u(:v, k.t)+ b(z, k,t)au(x, k,t).

Let L£(z,t) in (3.3.4) be of the form

L(z,1)

. + L(z,t).

L (x,t) =

Throughout this section, in addition to assumptions (A4), we also assume that

(A6) a(z,k,t) > 0 for all z,¢ and k. That is, the fast changing part of the diffusion

is uniformly elliptic.

(A7) For each k € M,

~ o~

o a(-, k,t), a(- k,t), b(-,k,t), b(-,k,t) are periodic in = with period 1 for
cach ¢ € [0,T] and a(-, k,-),a(-, k, ), b(-, k, -), b(-, k, -) € C2n+2nt2([0 1] x
[0, 7).

o (-, k,T) € C26([0,1]) and b(-, k, T') € C2*3(]0, 1]).

(AS) Q(, ) S C2(n+2)’n+2([07 1] X [O7T])'

We consider

u(z,T) = g(z). (3.4.1)
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Similarly to Section 3.3, we seek asymptotic expansions of the form (3.3.7). Substi-
tuting the expansions in (3.4.1), we obtain

E(l’, t)¢0($, t) =0,

_ 0 ~ def
L(x,t)p1(x,t) = _ad)O(xvt) — (L+Q)(z, t)do(z, 1) = o(x, 1), (3.4.2)

£, ui1(,1) = —500n(0,0) = (€ + Q) 6w, 6) = 1),

where i = 2,...,n+ 2. Likewise, substituting W, (z, 1) for k < n + 2 into (3.4.1) and

applying Taylor expansion for Z(x, T —eT), E(a;, T —er) and Q(z,T —e7), we arrive

at
0 , ~
WAET) . Ea, Tyola, ),
) _ _ N
—%f’ ") - Fa, Tyn(am) + (~7Z0(, ) + (£ + Q)(@,T)) tho(a, 7).
PET) _ Fa Tyt )+ i)
i1 , ~ i
LT (2, T) i (L4 Q) V(2 T)
ri\T, T) = T ., + (=7 =gl : - : i\Ts T ),
(3.4.3)
where
~ OL(x,T) =, OL(x,T) 9Q(x,T)
(@) _ 2=t (i) _ =) (@) — X\
LY (x,T) oY LYz, T) YR Q" (x,T) Y
From the initial condition, we derive
¢O(x7T) + 1/)0(95: 0) = g(l’) and ¢z(x7T) + 7701(:57 0) = 0; for ¢ > 0.
We recall that the adjoint operator of L}, has the form
Erw e ko t) = 2 [ Xt b tyue, k1) —3[“6( Etyule. k1)) ke M
k 1’7 U 1;’ Y - ax2 2a 1;’ Y Uu x? ) ax x? ) Uu x? ) ) °
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In what follows, we will prove the smoothness of ¢; for 0 < ¢ < n + 2 and the
exponential decay of v; for 0 < i < n + 1 which implies the desired error bound by

Lemma 3.4.13. Let us consider the layer terms by starting with some lemmas.

Lemma 3.4.1. For each k € M, there exists a unique solution py to the following

equations

Li(x, t)ug(z,t) =0
/0 pr(z, t)de =1 (3.4.4)

1 (0,) = (1, 2).

Remark 3.4.2. By the smoothness and the periodicity of the boundary conditions

n (3.4.4), the function py, defined above also satisfies

a%(a(o,k,t)uk(o,t)) = %(a(l,k,t)ﬂk(lat))'

Definition 3.4.3. For any functions &(x),((x) on [0,1], define

o= ([t i
_ i [ st

Lemma 3.4.4. Let X:(k,7) be a Markov process corresponding to the generator

and

Li(z,s) and wy(z) be a bounded measurable real-valued function. Then

<(Ce .

Bar(xn) - [ Cn(e)pale, s)de

Proof.
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The quasi-stationary density function pu; of the diffusion process verifies the so-

called Doeblin condition which implies the desired result.

Lemma 3.4.5. Consider the following Poisson equation with periodic boundary con-

ditions
Lila, t)g(x k,t) = (il 1)
¢8(o, k,t) = o(1, g, t) (3.4.5)
500, k,1) = - 6(1, k1),
for each k€ M.
Then

1. The only solution to Ekgb(x, k,t) =0 is ¢(x, k,t) = oi(t).
2. (3.4.5) has a solution if and only if

[C(- 1), u(-,1)] = 0.

Proof.
1. Assume ¢(0, k,t) = ¢(1,k,t) = @r(t). Put &(z,t) = ¢(x, k,t) — ox(t). Then

E(l’, k,t)gk(xat) = 07 é'k(O:t) = ék(]-:t) = 0.

It could be verified by the maximum principle for the elliptic operator L that & = 0;
see Evans [15, Chapter 6]. So ¢(x,k,t) = ¢r(t). That is, ¢(z, k,t) is independent of
x.

2. The system of equations (3.4.5) is solvable then

<Ck('7t)hu'k('vt)> = <Ek('7t)¢k('at)7/'bk('at)> = <¢k('7t)’52("t)ﬂk('7t)> = <¢k('7t)70> =0.
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Thus
Conversely, assume that [((-,t), u(-,t)] = 0. Under the uniform-ellipticity condition,
it can be shown that the following equation

Zk(xv t)¢(x> kv t) = Ck(xa t)

6(0,k,t) = o(1,k,t)
has a solution. In view of (3.4.2) and using integration by part,

1 ~
(6l mt)) = [ (Eutonta0)) (i )
0

Ty S )] [ T s ) B ey

N =1 Ox @=0
+b(£l), k? t)/u“k(x7 t)d)k(xv t) w1 - b({E, ka t):UJk(xv t)(bk(xa t) =0
ol e b Dl )] 7 Gk Dyt )]

o (Zite. Oyl 1)) da
- 0 0
= CL(O, ka t)lu’k(07 t) (%d)k(l? t) - %d)k(()? t)) :
Since (Cx(+,t), px(+,t)) = 0 and a(0, k, t) g (0,t) > 0, we obtain

0 0

%(ﬁk(l’ t) = %Qbk(ov t)‘

The proof is concluded. O

3.4.1 Leading Term ¢y(z,t) and Zero-order Terminal Layer

Term y(z, 7)

Note that (3.4.2) gives

E(xv t)¢0(x7 t) =0,
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which, by Lemma 3.4.5, implies

Go(z,t) = @o(t). (3.4.6)

Moreover, we derived from (3.4.2) that

Ew.tion(r.0) = =220 (24 Q). yn(a 1

= —o(t) — Qla, t)po(t).

Again, Lemma 3.4.5 implies that

Po(t) +[Qw, )po (), ;)] = [0 (), pl, )] + [Q(, )po (1), pul, )] = 0. (3.4.7)

The ¢o(T') is to be determined. Also, the zero-order terminal layer term is uniquely

determined by

M = L(z z,T
5 = L@, T)o(w,7) (3.4.8)

Yo(z,0) = g(x) — do(z, T).
Then vo(z,7) = Evo(XI(7),0) where XT(7) is a Markov process corresponding to

the generator E(x, T). We demand lim, o, ¥o(x,7) = 0. By Lemma 3.4.4, we deduce

[tho(-, 0), u(-,T)] = 0, (3.4.9)

which is equivalent to
wo(T) = [g(-), u(-,T)]. (3.4.10)

Hence ¢o(x,t) is uniquely determined by (3.4.6), (3.4.7), and (3.4.10).

3.4.2 Higher-order Terms

Before proceeding further, we need to verify the following lemmas.
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Lemma 3.4.6. Let ¢(z,7) be a solution of

WD) _ Fa, iyt ) + i)
lﬂ(ll,', 0) = w(l‘),

where w(x) is a l-dimensional vector function and r(x,T) decays exponentially fast,

i.e., there exist C,y > 0 such that

sup |r(z,7)| < Ce 7.
z€[0,1]

Then

?,b(:l:,T) - [w(')7:u('7t)] N /Ooo [T('7 S)?N(Wt)] ds| < Ce™ 7.

Proof. In fact, for each k € M, 9(z, k, 7) satisfies

op(z, k,T)
or
P(x,0) = wy(x),

= Lu(z, )0z, k,7) + oz, 7)

Thus

W@, ko r) = Bug(Xa(k, 7)) + /0 " Bru(Xa(hr — 5. 5)ds,

where X, (k, ) is the diffusion process associated with the generator Ly (z, t) satisfying

X.(k,0) = z. It follows from Lemma 3.4.4 that

| Ewr(Xo(k, 7)) = (@i (), (1)) | < Ce™77
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Moreover,

/OT Erg(X.(k,7 —s),s)ds — /000 (r(-, 8), e (-, 1)) ds
T/2 /2
/0 Ery(X,(k,7—s),s)ds — /0 (ri(+,8), p(+, )y ds

<

[e.o]

—l—/T |E7’k(Xm(k‘,T—S),S)|dS+/ |(r(-y 8), ux (-, 1))| ds

/2 - T/2

<Ce "+ Ce 79 ds + Ce "ds
T/2 T/2

< (Ce .

So the proof of the lemma is completed. O

By using (3.4.2), we have
Lz, )iz, 1) = gy (2, 1). (3.4.11)
By Lemma 3.4.5, we arrive at
¢i(2,t) = @i(t) + Bi(w, 1), (3.4.12)
where @;(z,t) is a particular solution of (3.4.11) satisfying

[2i(-, 1), u(-,8)] = 0. (3.4.13)

Denote a(x,k,t) = 2a *(z, k,t)b(x, k,t) and §;_q(x, k,t) = a ‘(x, k, t)s_1(z, k,t).
Then

0?pi(x, k. t)
ox?

09;(z, k,t)

= _i— sy vy U )y ”2 s vy = A; 17 s V).
o Si—1(w, k1) 2i(0,k,t) = @i(1, k, 1)

+a(z, k,t)
Then we obtain

x x )
Bl t) = Bk, t) 4 @it) [ ety y [ [ et n g ok tydady
0 0 0

(3.4.14)
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where pg(x,t) = / a(y, k,t)dy. By the periodicity of @;(-,t) (i.e. $;(0,t) = @i(1,1)),
0

1
_Jo Jo

we deduce

@i(t) = T (3.4.15)
/ e~ P gy
0
Moreover, it follows from (3.4.13) that
/ / Bk, t) e W0 iz, k., t)dydx
(3.4.16)

/ / / @)= e (o k) p(x, k, t)dzdydz.
o Jo Jo
On the other hand,

E(a, 0601 (2,1) = —-6s(a,0) — (£+ Q). )l 1)
0pi(x,t)

= —i(t) - 22— Q) — (£ -+ Q). DB, 1),
Using Lemma 3.4.5, we obtain

0B, t)

o (L4 Q) 0. t), p(w 1) | . (3.417)

Pi(t)+[Q(x, 1) @i(t), p(x, 1)) =

The terminal layer term is uniquely determined by

M = E(,’L‘,T)?,bz(x,T) + Ti(va)

or (3.4.18)
Yi(x,0) = —¢o(z, T).
Denote by XZ(k,7) the Markov process corresponding to the generator Ek(x,T).
Then

Yi(w, k,7) = Ei(XE(k,7),k,0) + /T Ery( XL (k,7 — s),k,s)ds.

0

Furthermore, by demanding lim, ., 9;(z, 7) = 0 and using Lemma 3.4.4, we obtain

(2 0), (- )] + / i) (T ds = 0. (3.4.19)
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In virtue of the initial condition in (3.4.18), we arrive at

AlT) = [ o)l 1] ds. (3.4.20
0
Thus ¢;(z,t) is uniquely determined by (3.4.12), (3.4.14), (3.4.17) and (3.4.20).

Lemma 3.4.7. There exists a Green function for the following problem

o =
E = ‘C(w7t)¢

¢(07t) = ¢(17t)
¥(z,0) = w(z).

Proof. Let G be the Green function for the corresponding parabolic equation in the
unbounded domain. Then there exist positive constants C;, Cy, K, and K5, such

that for all z,y € R and t > s,
CiF(t—s,y—1x) < @(s, z,t,y) < CoFy(t — s,y — x). (3.4.21)

Here for hy = 1,2, Fy, (y,t) is the fundamental solution of the equation

ow

Ky Aw = 228
h AW 8t7

where Aw denotes the Laplacian of w. Define
G(s,z,t,y) = Z @(s,x,t,y—i— L).

L=—00

In view of (3.4.21), G is well-defined, since when t > s,

G

M) < 0.

t <
52:4,) 022_:\/47TK2t—sep< 4K5(t — s)
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Moreover, by virtue of estimates on the derivatives of @, there exist C' > 0 and K > 0

such that

[ LPN 1 Kly — x|?
— < (' el AN U
‘ath(s’x’t’y)‘-C<t—s><1+h>/2 eXp( (t—s) )

0 A 1 Kly —xf
’ tG(s,x,t, y)‘ C(t 3)3/2 exp (

Thus G is differentiable with respect to y and ¢, and the series

oG - aé(s,x,t,y—FL)
E 2. ot

L=—00

and

8h_G B > 8ha(s,x,t,y+L)
oth oth

L=—00

converge uniformly. Furthermore, G is periodic with period 1 and satisfies the differ-

ential equation. O

Remark 3.4.8. If Z(ac, t) does not depend on t then we can write the Green function

as G(x,t — s,y). In this case, the solution has the form

bla.t) = / Gt y)w(y)dy.

Lemma 3.4.9. Consider

oy~

E = ‘C(I7T)1/)
¥(0,1) = ¢(1,1)
U(z,0) = w(x).

Then there exists an invariant density pu(x) such that for some v > 0 and for h =

07 ]‘7 27

Gy, mx) )
ozh ozxh

< Ce .
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Proof. We have (see Khasminskii and Yin [28, Lemma 5.1})

sup |G(z,7,y) —pu(y)| < Ce ™.

z€[0,1]
Then
8h 3h 1
s (Gl =) = |5 ([ 6or = 196610 - )|
ah 1
~ o [ @t - 19 - e 61
! MG (z,1,y)
— 12— AN RE )
[ G =10 - uien ZEELY)
<Ce .
Since C does not depend on z, we obtain the desired result. O

Lemma 3.4.10. For any:=0,...,n+ 2,

¢; € CPr 210 1] % [0, T)).

Proof. First of all, from (3.4.4), we obtain y € C?"*2:7+2([0,1] x [0,T]). We will
prove this lemma by induction. For i = 0, (3.4.2) implies ¢y € C*"+2n+2([0, 1] x
[0,7]) Now assume ¢; € C2n+2:n+2=3([0, 1] x [0, T]) for j < i. In view of (3.4.2), ¢; €
C2+D)n+1=1(10 1) x [0, T)). Then, by (3.4.14), @, € C?+2n+1=i([0 1] x [0, T]). On
the other hand, we can conclude from (3.4.17) that ¢, € C""17%([0, T]). Therefore,
$ipq € CH+2n+1=i(]0 1] x [0, T]). This completes the proof of this lemma. O

Lemma 3.4.11. Let 0 < i < n+ 1 be a fized integer. For a nonnegative integer h
(9h¢i (.’17, 7')

with 0 < h < 2(n+2 —i), put f(z,7) = —5

. Assume for any T, x,

[z, 7)| < Ce™”
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and

Ori(x, T
max Lh’) <Ce .
h=0,...,2(n+2—1) ox
Then for any 7, x,
max
h=0

! -7
S\, < (Ce 7,
..... 2(n+2—1) |fl ( T)l ~
Proof. First,

(e, 7)| = |Wul, )| < Ce
Suppose for any hy < h,

‘fihl ($, T)‘ < Ce 7
Then (3.4.3) implies

(3.4.22)
—6‘70@'}1(%’7—) - 6_h(~( T)82_w( )-i-Z( T)ﬁwi(x,r))_l_@hri(x,r)
or ~ e\ M 89521';[( )L Ox o
~ ri\x, T
- Lo Diten+ =55 )

9 h! 8h—h1’d’(l.,T) h1+2 ah_hlb(l'yT) hi+1
+}; h1!(h—h1)!( Hrh— [ (@, ) + DT i (:U,T))
~ . _

L 1))+ g )
0"y (, 0)
fih(l‘,O) - W
(3.4.23)
We claim that

1 fe's) 1
fh def k(.0 T)d fh T)dzds = 0.
i téﬁ@d%%)w+A‘AL@@M%)ws

Let G and p! be the Green function for equation (3.4.23) and its associated invariant
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density respectively. Put w!(x,s) = G(x,s) — ul(x,T). Then

1 T 1 h,..
f(x,7) :/ Gz, 7, 9) !y, 0)dy+/ / Gl a, T — S,y)%dmds‘

1 h—1 ah—h1~ ,T
//Zhl T Sy)<%ff1”(y,s)

oh—hp ,T
+ 8 h(zl )fhl-f—l( ))dyds

:/ M, y) f(y, 0) dy+// xT—sy)ag(i’ )dds

h h " MaA(y,T) pyio
—I—/o /0 Zhll(h—hl)!w (x, 7 —s,y) By i (y, s)dyds
h1=0

1 h—1 T
" "Mb(y,T) .1
/ / Z h1 h hy)! wi(z, S’y)w.fi (y, s)dyds

/ /uz y, T an y’ )dyds

0" "a(y,T) .,
/ /0 Z hl h h )':u’z (y7 T)szh +2(ya S)dyds

1h1

8h_hlg(y,T) -
/ / Z hl h h )llj’z (y7 T)sz (y, S)dyds

On the other hand, by Lemma 3.4.9, for all s > 0,

7l
max sup M < (Ce 5.
7=0,1.2 4e0.1] yd
Therefore, we derive from (3.4.22) that
1 h-1 h—h17>
" May,T) p 42
h h1 w; (=, Say)Wfi "y, s)dyds
RS o O My, T)

h I
; h hl)' oy (wi (x, 7 — S,y)W) i (y, s)dyds

< / C’e_“Y(T_S e Pds < C’e_"”,
0
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and also the following inequality

1 h—1

ah—hla(y’ T) h1+2
/ Z hl h h ),Nz (y,T)Wfi (y, s)dyds
1 h—1 9 b~

0 " Ma(y, T)\
/ / Z h1 h hl)'8 2 (Mz (y,T)W) i (y, s)dyds

S/ Ce Pds=Ce™ "
-

for some 0 < 5 < ~y. Similarly, there exists 0 <7 < ~ such that

r p1 h—1 T
h! h 0 1b(y’ T) — -
W, (x, T — S, —il ,deS SCG '77'7
/0 /O };} hi!(h — hy)! " ( ) dyh—m f (y, s)dy
oo 1 h—1 T
h! o 1h y,T ) -
/ / Z Tl (h— b (y’T)%f? Ty, s)dyds| < Ce T,

< Ce

// xT—sy)ag(i’ )dds
//uzy, R

/0 M, Toy) fi(y O)dy‘<C’e g

Put ¥ = min (7,7). Then

sup ‘f x 7-)| <Ce .
z€[0,1]

Thus the desired result follows immediately by induction. Now we will verify the

above claim. In fact, for any h; < h,

off Mays) oMt o oMm=try(z, s)
s = }?gfil_l(ﬁ(fﬂ,T)%(%S)) t a1

(hy — 1)! gh—l-v . oM =try(z, s)
- Z thy —1—1)! (axhl 1= Lﬁ(I’T))fi (z,5) + dxm-1

Integrating the above equation, we have

h—1

—f N (x,0) = /Ooo ( > ; (1) ( L L(, T))f (, s)-l——ah_lri(x’s))ds.

h1=0

(h—1—=h)!\Qzh—1-M Ozh=1
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Differentiating with respect to  and noting that

(h—1)! (h—10 &
Il —1—1)! =Dl =T)l Bl (h =)l

we obtain

—fi(,0) = /Ooo (hz:: hll(l(zh—_llz!hl)! ((aa:chh_—hh L, T)) H@9)
(

!
TE(%T)W?IH(%S)) + w ds

B /0Oo (hizo hﬂ(ﬁbh—_llz! hy)! (8{?]:21 Z(m7 T)> fihl (,5)

8h—h1

L (h—1)! ~ . Ori(, 5)
2 (h1 —1) (h ). (G £ D)) 112 )+ = 5 ) ds

hi=1

ah h1 —

/ (Z Il h hl (g E(x’T))fihl(‘"”’SH%)ds
( (z,T)f(x,s) + fZ (:v,s))ds.

Therefore,

—<fih(w,0),p(:z:,T)> = /000 < E(w,T)ff(:t,s),u(x,T) > ds
+/0°° < ﬁ-h(a:,s),u(x,T) > ds
= /000 < M, s), plz, T) > ds.

Hence, the claim is proved. O

Lemma 3.4.12. There exist constants C' and 0 < v < v such that for any 0 < i <

n+1and 7 >0,
8h¢i(l',7')

max max
ozxh

h=0,...,2(n+2—i) z€[0,1]

<Ce ", (3.4.24)

As a result, for any 0 <i<n-+1 and >0,

max |L") (x, T)s(z, 7)| < Ce 77

0<h1<n+2
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and

max |(£ 4 Q)™ (z, T)¢y(x,7)| < Ce .

0<h1<n+2
Proof. First, under condition (3.4.9) and by Lemma 3.4.6, we have

[Yo(x, 7)| = Yoz, 7) = [tho (-, 0), u(-, T)] | L Ce™7.

Applying Lemma 3.4.11 with ro = 0, we verify that (3.4.24) holds for ¢ = 0. Assume

that for any j < 1,

Mz, )

max su <(Ce .
h=0,...,2(n+2—) xE[OI,)l] oxh -
Then for some 0 <7 < 7,
0"r;(z,
max sup # < Ce .
h=0,....2(n+2-4) 3¢[0.1] ox

Now, under condition (3.4.19), we again derive from Lemma 3.4.6 that

()| = [, ) — [ 0), (-, T)] — / i), T dt\ < e

Thus Lemma 3.4.11 yields (3.4.24). This completes the proof by induction. O

3.4.3 Error Estimates

For any function f, define

Dif = 88—{ +Qf + L5F. (3.4.25)
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Lemma 3.4.13. Suppose that ¢ € C([0, 1] x [0,T) is periodic in x € |0, 1], satisfying

sup IC(x,t)] < Ce”.
(a,t)€[0,1] % [0,T]

Let &5 (x,t) be a solution to
D (x,t) = ((x, 1), & (x, T) =0, vz € [0,1]. (3.4.26)
Then
sup € (e, )| < Ce".
(a,t)€[0,1]x [0,T]
Proof. Using 7 = (T —t)/e and putting F¢(x,7) = £(x,e7), (3.4.26) becomes
Fe - N
# = (L(z,eT) + eL(x,em))F(x,7) + Q(x,e7)F*(x, T) + £((x,eT).

Since L(z,e7) + eL(x, e7) is elliptic, there exists a Green’s function G, such that

T 1 T 1
Fa(as,T)Z/O /0 Ge(s,y,T,w)6C(y,88)dyd8+/0 /O G:(s,y,7,2)eQ(y,es)F*(y, s)dyds.

We have

[ v S/Zm (-G ) o

- (z +1)? )
——|d
/ \/47rc7'—s ( dme(T — 5) Y
e dz, with z = Tty
oo dre(T — s)
T 22

Put f(r) = SUD,e[0,1] |F¢(z,7)|. Then

T ey o ' d Ce"+C ' d
f(r) < Ce —l—s/of(s)sg e® + s/of(s)s

www.manharaa.com



29

Using Gronwall’s inequality, we obtain

f(r) < Cefexp (Ce/ ds> < Ce".
0

Lemma 3.4.13 is thus proved. a

Theorem 3.4.14. There exists C' > 0 such that

T—1
sup uf(z,t) — @ (2,t) — Ve (2, ——)| < Ce"t,
(2,)€[0,1]x[0,7] <

Proof. Put

ez, t) = u(x,t) — DL (z,t) — Vi (2, 7).
Then Duf(z,t) = 0 and therefore,

T—t
Deesr(x,t) = =D°® (z,t) — DV (x, T)

Moreover

D=® (1, 1) Zs’qbz (z,1) Z eEL(z, iz, )+ (L + Q)(x, t)di(x, 1)

=0

= Zs Lz, )i (z,t) — (L + Q) (x, 1) +ZEZ LC(x, t)i(, 1)

=0
+Ze (£ +Q)(,t)i(a, 1)
=0
= "L, Dnia(2,1) + & L(x o[z, 1).
0

So, by Lemma 3.4.10,

D ®5 (2, 1) < Ce”.
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Using the strethed variable 7, e 2t);(z, 7) = —-<4p;(z, 7) which yields
. d I SEN
DE\I]Z <1’, 7—) = Z _51_1_@01' iL‘ T + Z 8Z_1‘C(x7 t),(/)z(x? 7—) + Z 6Z(£ + Q)(xa t)d}z(xv T)
=0

—Zez (=L, T, m) = 1o, 7)) + & Lla, ()

=0
K

+ Z el ﬁ + Q)(x? t)’gb,-(l‘, T)

1=0
K K

=L@, T) + Ll )i(,7) = Y i, 7)

i=0 =0
K

+ Z (L + Q)(x, t)i(x, 7).

I
™

The second term is equal to

Z e ri(z, )
= il Pl 7 (i=5=1) (4
_ Zez—l Z ((_T)Z—‘]ﬁ‘—(.’ﬂ + (_7_)1—9—1 (E + Q) — 1)(! aT)> wj(%,]_)

i=1 = (Z B j)' (Z —J

= Z >, (61_1(—7)"_]'% e (=) = +(§21(]J_11))(|$ T)> Wby, T)
e £i=5) (o (L (i=3=1) (g

— z; ;1 (59 1 (t—T E (j)T) + Ej(t T)l_J_l (£ +(ZQEJ _ 1)(! ,T)> %‘(ﬂfﬁ)

wj1 (F+ 0 (2
+Zz—:J ( Z (t—T)Z(EJer! ( ’T)> V(@ 7).

Therefore,

DVE (z,7) = 6"‘_1(—2(:17, T)+ Z(x,t Vb (z, T) + 8"(2—!— Q)(z, t)u(z,7)

el B —J L@ (g
3 (m,t) -y T)L,T)) i)
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Using Taylor expression and Proposition 3.4.12; we obtain

k—1
DU (2, 7)| < Ce" |t = T| e +Ce" + C Y &/t —T|" T e
=0
k—1 ) ’
+CY Eft—T|" e
j=0
k—1 k—1
=(Celre™” —l—C&'€ + C Z EnTﬂ_j—i_l e 7 —I—C Z 8'{67‘”_]' e 7
j=0 j=0
< Cer.

Piecing this together with the estimates on D*®, (z,t), we have shown that

sup |Dfe™"(x,t)] < Ce”
(=,t)€[0,1]x[0,T]

for k < n+1. Note the terminal condition e**(z,T") = 0. Thus Lemma 3.4.13 implies

sup e (w,t)| < Ce™.
(w,t)€[0,1]%[0,T]

Taking k = n + 1, we obtain

sup e (1, 1) = O(e"™).
(z,t)€[0,1]x[0,T]

Finally, note that
68’n+1($; t) = 5" (£U> t) + 5n+1¢n+1(x7 t) + €n+1¢n+1(1"7 T)‘ (3428)

The continuity of ¢,.1(z,t) and the exponential decay properties of 1,1 (x, 7) yield
that

sup €™M g (z,t) + " (2, 7)) < O™
(z,t)€[0,1]%[0,T]

Substituting this into (3.4.28), we obtain

sup |7 (x,t)| < Ot
(,0)€[0,1]x[0,T]

as desired. O
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3.5 Illustrations and Remarks

3.5.1 Illustrations

Asymptotic expansions have been obtained in this paper. In this section, we provide
some interpretations of our results.

To illustrate, let us begin with a simple case. Consider (3.2.1) together with
(3.2.2), in which Q°(x) = Q(x)/e and Q(z,t) is weakly irreducible. Now (3.2.1) and
(3.2.2) can be written as

dX=(t) = b(X*(t),a%())dt + o (X°(t), a°(t))dB(1), (35.1)
P(af(t + A) = Lllas(t) =k, X(t) = x) = qi(x) A + o(A).
Using weak convergence methods (see e.g., Yin and Zhang [52]), one can show that

X¢(+) converges weakly to X (-) such that X(-) is the solution of

dX (t) = b(X (t))dt +T(X (t))dB(t), (3.5.2)
where
b(x):;b(:c,i)ui(x), 7(zx) = ;a(x,z’)l/i(:v), and 553

v(z) = (n(z),...,vn(z))

is the quasi-stationary distribution. The asymptotic results obtained in this paper
gives us more than those only obtained by the weak convergence. It provides new
insight even for the leading term in the asymptotic expansion.

Suppose that U(z,«) is a smooth functional. Our asymptotic expansions (e.g.,

Theorem 3.3.10) and the probabilistic interpretation of the solution of the backward
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equation enable us to conclude that for any ¢ > Keln(1/¢) and some K > 0,
EU(X*(t), (1) = BU(X () = B Y U(X (), ))ma(X(1)).
i=1

Next, consider U (x,a,t) = 141p (the indicators of A and B, resp.), which can be

thought of as an approximation to the smooth function U. Then we have

P(X®(t) € A,a°(t) € B) —>Z/ t) € dr)v(x) as € — 0.

i€B

In particular, when A = [0, 1],

P(of(t) € B) = Y _Evi(X(t)) as £ —0.
i€B
As a convention, X®(t) denotes the process X (t) starting at X (0) = x and a(t) = 1.

By virtue of the Markov property of (X¢(¢),a%(t)), for 0 < t; < t5 not depending on

<,

P(a®™' (1) € Ay, a®™ (ty) € Ay)

2/ P(X7%i(t) € dry, a°*(t) = ir) P05 (t — 1) € As)

i1€A
= / (X*(t) € dur)wy, (21) Y viy (X"t — 1)) as £ =0
i1€A1 i2€A2

=33 Ev, (XU(t))Eviy (X0 (1 — 1))

i1 EAl 12 €A2

=37 T Bl (X (0)) B (v, (X7 (82))| X7 (1))]

i1€A1 i2€A2

=E Y ) v (X7 (t)vi, (X (1)

11€A1 i2€A2

In fact, by induction, we obtain the finite dimensional distributions

P(a®™ (1)) € Ay, 0" (ty) € Ay, ..., a""!(t,) € A,)
SEY Y Y v (X)) (XP (1)) - 1, (X7 (1)) as € = 0.

i1€A] i2€A2 in€An
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As another illustration, consider a control problem with the cost function given
by
T
JE(z,0,u(-)) = Ea / CXE(1), a5 (1), ut))dt, (3.5.4)
0
where (X¢(-),a°()) is given by (3.5.1). Generally, the problem is difficult to solve

due to the complexity of the problem setup. Using our asymptotic expansions, we

can show that there is an associated cost function for the limit problem

J(z,u() = E, /O C(X (1), ult))dt, (3.5.5)

where X (1) is given in (3.5.2) and C(z,u) = >.i*, C(x,i)v;(x) as defined in (3.5.3).
We can then find optimal control of the limit problem. Using this optimal control in
the original system, we can obtain asymptotic optimal control under suitable condi-

tions.

3.5.2 Remarks

Let us remark on the case that the switching process has a more complex structure.

Gz 1) )

BN

(z,1) = Ql(z,1) : (3.5.6)
Ql(z.t) ... QUz,t) Qulw,t)

\ -
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That is, the process includes recurrent states, absorbing states, and transient states.

We denote m = mq + - - - + my + my + m,, and

I(x,t) = Ty, :

where
di(z,t) = —Q7 (2, ) Q" (x, t) Ly (x,8) € R™¥™ for k=1,... 1.

It is readily seen that Q(z, )1 (x,t) = 0 for each z € [0,1] and ¢ € [0, T]. Denote also
vi(z,t) 01 5m, \

vz, t) = . . € R>™,
V(x,t) Orxm,

L, v (z,T) Oy .
P(x) = i(l‘,T)V(J),T) = L,V (2, T) O, xm,
d(x, T)w (2, T) ... d'(z,T)W(2,T) Opm,sxm,

& b

Analogue calculations can be carried out and a similar asymptotic expansion can be
constructed.

For non-diffusion case, we focus on the system of equations (see Chiang [11, p.
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402]),
d
—u(t) = —Q(t)u° (1),
(1) = QU (1) -
u*(T) = uo,
€ mx1 _ @(t) A
for some 0 < T' < oo, where u®(t) € R™*', Q(t) = — + Q(t) for some generators

Q(t) and Q(t), and
G )

\ QL) ... QL) Q.(t)

Under the following conditions

e For each i = 1,...,l, and each ¢t € [0,7], @’(t) is weakly irreducible with the

associated quasi-stationary distribution denoted by v/*(¢),

e For some positive integer n, Q(-) and @() are (n + 2)-times continuously dif-

ferentiable,

e For each ¢ € [0,T], Q.(t) is Hurwitz (i.e., all of its eigenvalues have negative

real parts),

A similar asymptotic expansion can also be constructed and the corresponding error

bound can also be obtained.
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Chapter 4

Stability of Singular Jump-Linear
Systems with A Large State Space:

A Two-time-scale Approach

4.1 Introduction

Singular systems, which have many synonyms such as descriptor systems, general-
ized systems, and implicit systems, are featured in differential-algebraic equations
(DAEs). They arise in various applications in physical sciences, engineering, and
economic systems. Owing to their importance, such systems have been studied ex-
tensively and used widely in control and optimization applications. For some recent
literature, we refer the reader to Campbell [8, 9], Cheng et al. [10], Dai [13], Huang
and Mao [21], Lewis [34] among others. While the references mentioned above are all
concerned with deterministic systems, recent works also include formulation, analysis,
and computation involving stochastic systems; see for instance, Boukas [4], Boukas

et al. [5], Huang and Mao [21], Yin and Zhang [51], among others.
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The main motivations of this chapter are from the following two aspects. First
it is motivated by the recent stability analysis in Huang and Mao [21] for analyzing
stability of stochastic systems with Markov regime switching. Second, it is motivated
by the two-time-scale formulation of Markov chains; see for example, Yin and Zhang
[51, 52]. In this chapter, we treat a system similar to Huang and Mao [21], but the
discrete state space is very large. We focus on stability analysis. By sending ¢ — 0,
we obtain a limit system with reduced state space for an aggregated switching process.
Knowing the stability of the limit system, we aim to obtain stability of the original
system under suitable conditions.

The rest of this chapter is organized as follows. The precise problem formulation is
given next. Section 4.3 presents a number of preliminary results. Section 4.4 focuses
on stability of the underlying singular systems. Our approach is along the line of
two-time-scale approach. Under broad conditions, we show that by use of the limit
system, we can obtain stability of the original system. Section 4.5 presents a couple
of examples for demonstration. Finally, Section 4.6 gives some further remarks and

concludes the paper.

4.2 Problem formulation

Suppose that a(t) is a continuous-time Markov chain taking values in a finite state

space M. In this paper, we consider the switching process a(t) having fast and slowly
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varying transitions in that the generator of the Markov chain is given by

o |

Q' ==+0Q, (4.2.1)

where

Q = diag(Q',...,Q"), (4.2.2)
where diag(D?, ..., D') denotes a diagonal block matrix with entries D, ..., D!, and
@ is another generator without specific structure. Because of the structure of the

matrix @ in (4.2.2), we write the state space M as

M=MUMyU---UM,;, where
Mi:{8i17"'78imi} for Z:]_,,l

To indicate the e-dependence of the Markov chain, we write it as a°(t) henceforth.
Let B(:) be a standard real-valued Brownian motion.
Throughout the paper, we use the following condition for the fast changing part

of the generator @
(B1) Fori=1,...,l, the generator Q' is irreducible.

Here, by irreducibility, we meant that the systems of equations

ViQ =0
Vi =1
has a unique nonnegative solution. In the above v* € R™™ and 1, = (1,...,1) €

R™*! The 1/ is nothing but the stationary distribution associated with the generator

Q". In what follows, we also use the notation {s,;s., tO denote the (my+ - +m; +

Jymy+ -+ m, + )™ entry of a given matrix Q.
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Suppose that for each s;; € M, A(s;;), G(s;5), and H(s;;) are n X n matrices such

that G(s;;) is singular. Our interest lies in the following system of switching linear

systems:
G(a®(t))dz®(t) = A(a(t))z"(t)dt + H(a (t))z"(t)dB(t), (42.3)
2°(0) =&, a*(0) =1 = sy,

for some i € {1,...,1} and j = 1,...,m;, where B(-) is an n-dimensional standard

Brownian motion. We aim at studying the stability of the system above. The difficulty
lies in that the system is singular, so that the standard stability analysis techniques

do not carry over.

4.3 Preliminary Results

We will use the following assumptions.

(B2) For any ¢ = 1,...,0 and any j € M,, the triplet (G, A, H) satisfies one of the

following conditions
a. det(sG(s;;) — A(sij)) # 0 for some s, deg(det(sG(si;) — A(si;))) = ri; and
rank([G(suy) Hsy)]) = i
b. det(sG(s;;) — H(sij)) # 0 for some s, deg(det(sG(s;;) — H(s;5))) = 1i; and
rank([G(si;) A(sij)]) = rij-
Denote by {7} a sequence of jump times of the Markov chain a®(t), namely,
75 = 0 and 77, = inf {t > 77 : a°(t) # o*(7)}. Then o°(t) = a*(7) on [1, 75, ,)-

Moreover, 1, — 00 as k — o0.
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Lemma 4.3.1. If (B2) holds, then (4.2.3) has a unique solution.

Proof. Assume that (B2)-b is valid. The following argument is similar if (B2)-a
holds. For convenience, denote s;; = a5 . There exist nonsingular n X n matrices

L(Sz'j), R(Sij) such that

b 0
L(si5)G(sij) R(si5) = ,
0 0
Ay Sij Ay Sij
L(sij)A(sij) R(sij) = () Aelsu) ,
0 0
(Hl(sij) 0
L(sij)H (si7) R(si;) = :
0 Loy,

where A;(s;;) and H;(s;;) are r;; X r;; matrices and As(s;5) is an 7;; X (n—1;;) matrix.
Let

wi(t) = R™a(t) = [[wi(®)]" [wi(®)]]"
Then (4.2.3) is equivalent to

dwi(t) = [Ar(a” (1)) wi(t) + Az(a”(1))25(8)] dt + Hi(o (t))wi(t)dBy,
0 = w5(t)dB;, (4.3.1)
w(0) = R7Y(1)€,a°(0) = 1 € M,

duwi(t) = Ai(a” () wi(t)dt + Hy(o"(1))wi(t)d B,

wi(t) =0 (4.3.2)
w(0) = R7Y(1)€,a°(0) =1 € M,

which has a unique solution on interval [7y, 71]. Continuing this process, we can prove

that (4.2.3) has a unique solution for all ¢ > 0 by induction. O
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4.4 Stability

In order to find stability conditions on the limit processes instead of the original

processes, we lump the states in each M; into a single state and define
a(t) =i if a°(t) € M,.
Denote the state space of a°(-) by
M ={1,...,1}, and denote 'ﬁzdiag(ul,...,ul),

where ¥ is the stationary distribution corresponding to @’“ Define

Q= D@]l, where
1 = diag (1, ..., 1,,,),

Iy =(1,...,1) € R

For i € M, denote

G(i) =) _viG(sy),
j=1
A(i) =) viA(sy),
=1
H(i) =) viH(sy).
j=1
We need the following assumption for our further analysis
(B3) For i € M, rank(G(s;)) = - - - = rank(G (sim,)) = rank ([G'(si1)] - |G (8im.)])
Remark 4.4.1. (B3) is equivalent to

(B3’) For i =1,...,l, there exists a corresponding sequence of elementary row oper-

ations transforming {G'(si;)},c s, into row echelon matrices.
K3
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We derive from (B3) that, for any s;; € M, there exist non-singular n x n matrices

L(s;;) and R(s;;) such that

I, 0
L(sij)G(si) R(sij) = :
0 0
where r;; = r; for all j = 1,...,m; and R(s;;) could be chosen to be the same matrix,

denoted by R(i), for all si; € M.

For any i € M, put

Then

For any s;; € M, denote
G(sij) = G(i), L(si;) = L(3), R(si5) = R(i).

Then

Given any U € RV [ = $(U + U’) is a symmetric matrix. Let

9

V(CC, Sij) = x'é'(sij)UG(sij)x.

Then

where
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For a suitable function V', define

LV (x,k) = lm [E(V(z°(t+s),a°(t+ s))|z°(t) = z,a°(t) = k) — V(x, K)]

Thus
LV (k) = o' {A'(H)ﬁ(ﬁ)a(ﬁ) +G(9) T (k) A(k) + H' ()0 () H (x)
. (4.4.1)
+ Z E_]\MG/(L)U(L)G(L)} x
LEM

Denote by ® the Kronecker product of matrices. We shall use operators () and
(-, ) defined by

(A) =A® A and (A,B)=A® B+ B® A.
Let 2°(t) = E (2°(t)). Using a similar argument as that in Huang and Mao [21],

we obtain

G(a" (1)) (1) = A(a"(1))=(1), (4.4.2)

where

The following result can be proved similar to the development in Yin and Zhang [51];

the details are omitted.
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Proposition 4.4.2. Let 2°(t) be the solution of (4.4.2). Then ase — 0, 2°(-) weakly

converges to z(-), a solution of the singular system of differential equations

Ga(t)(t) = A@(t))=(1),
2(0) =&,

To carry out the stability analysis, we need more assumptions.

(4.4.3)

(B4) There exists a nonsingular matrix P(i) for each i = 1,...,[ such that
a. G (i))P(i) = P'(i)G (i) > 0.
b. A()P>i) + P (i)A()) + Y s, G (ia) P(in) < 0.
ileﬂ
In the above, the notation > 0 and < 0 are in the sense of ordering for positive

definite matrices.

(B5) For each s;; € M, (G(Sij), A(sij)) is impulse-free, i.e.,

deg [det (sé(sij) - A(Sij))] = rank é(s,])

Remark 4.4.3. Note that é(sij) = G(i). Besides, we can compute L(s;;) involved
in (B5) for any s;; € M, in the following way: Use elementary row operations to

transform

[G’(sﬂ)

. ’G/(Simi)]
to a row echelon matrix

G/ (s)

G em].

Again, use elementary row operations to transform [G(sij)‘ln] into the reduced row

I, 0O
echelon matrix ’L(sij) , where I, is an n X n identity matriz. In addition,

0 0
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if R(si;)’s are the same for any s;; € M; then L(i) could be relaxed and

(s = (B00). Alsg) )+ (H(s) + 3D, 0., Cls)

k=1 1=1
Lemma 4.4.4. Assume (B1), (B3)—(Bb5) hold. Then there ezists constants ¢; > 0

and ¢y > 0 such that

(1) [25(0)] < ex [z5(8)] -

!/

(i) [=°(1)] G (@ () P(@(1))="(t) = eo [=°(t)[".

Remark 4.4.5. The inequalities involves matrices. Thus, the second inequality is in
the sense of matrix bound. The order of the matrices is determined by the ordering

of positive definite matrices.

Proof. The proof is divided into a couple of steps.

To prove (i) above, we derive from condition (B5) that

- ~ ~ VA
G(sij) = L(sij)G(si5) R(si5) = | 7 :
0O O
~ ~ ~ A(Sij) 0
A(si) = L(sij) A(sig) R(sij) = :
0 L.
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G(a®(1)y°(t) = Ala()y (1),
y*(0) = R (1)¢, (4.4.4)
a(0) =1

So

V() = 0, (4.4.5)

Thus 92(t) = 0. Denote

Then

Furthermore, A(7) is bounded. Hence, the proof is completed.

As for (ii), put
~ — = Pi(si) Pralsy
P(sy) = (L7 (si5) P(1) R(si5) = ( i) Pl )> , Vsi; € M.

Then

which implies

P1y(sij) = Py (sij) =0 and Pyy(si;) > 0.
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Thus
FO) G @@)P@ (1) (t) = [(1)] G0 (1) P@(1)= ()
= [0 G'(e*()P(a"()y (1)
= i) Py(o”(®)yi(t)
> ol =aly @) = e =@
Thus the assertion is proved. O

Theorem 4.4.6. Assume (B3)—(B5) hold. There exists constants v > 0 and ¢ > 0

such that

Bl ()" < ce Ve
Proof. For any @ € M, define
Vo(z,0) = 2/G (@)P(@)z = 2/G'(a)P(a)z
Moreover, by the irreducibility of @i,
QVo(z,)(a) = 0.
Therefore

/ ~

LVo(2°(8), a5 (1)) = [5(1)] [A' (@ (£)) P(a"(1)) + P'( (1)) A (1)) + gla”(1))] (1),

(4.4.6)

where
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Denote

!/

L =[~(1)] [Z @ (£))P(@(t)) + P (a°(t))A(a= (1)) + y(a’f(t))] ). (4.4.7)

where
1
— —_ -
9() =Y 6.G (k) P(r).
k=1
In order to obtain the desired stability result, we use the methods of perturbed

Liapunov functions. The main idea lies in introducing perturbations to an appropriate
Liapunov function. The perturbations are small in magnitude compared with the
original Liapunov function, and that it results in desired cancellation of the unwanted
terms.

To proceed, define the perturbations

!/

Vi) = B [ e [Aofw) - 3 @ )] Pl () zd

t

V(1) = B / TP (@ ) [0 (u) — A (w)] zdu

t

Vi(zt) = E, / " [g(af(w)) — 9@ ()] ydu.

In order to estimate Vi (z,t) and LV5(25(t),t), we consider

Alat) = B[ ePE)|
)
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where h(s;) = Zfﬁzl > a\;j smé(Sm) and h(i) = ZL=1 ;G (k). Then
Vi (z:1) = Vau(z, 1) + Vo (2,) + Vag(2,1).

On one hand,

and for u > t,

B [0 (a) = ) — vix(@(u) = ] = O e + ¢~o0=0/%),

Therefore

I my 0
|V€ (Z,t)| < |Z|2/ 6t—u0 e+ 6—ko(u—t)/€ du
) =% ' ( ) (4.4.8)
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we derive
Vs (2. 6)] < O(e) |27, |Vig(z,t)| < O(e) |21
Thus
V5 (2, t)] < Oe) |2
Furthermore,

LVE((8),8) = lim B (V5 ((t + 9), 4+ 6) = V5(°(2), )
= lim 57 (V5 (2°(t 4 0),t+ 6) = Vi (2"(1). 1 + )]
+lim B [V5(5(8), ¢+ 8) = V5 ((6), )
=~ [ZO) P'@ ) [l (1) - A@ (1) =) + Vi (),
B [ e O] P ) [Alef ) - A )] # (0
+E, / e @V P @ () [Alor () - A (w)] 2#(0)du
i (a5 (1)] 2°(8) + O(VE (1), 1)

Using a similar argument, we obtain

Vi(z,0)] = O(e) |21,
Vi (2, 1) = O(e) |2
LVE((1),1) < = [(@)] | A'(a"(t) — Z'(@6(75))] P(a(t)=(t) + O(e) [ (1)

LVE (25 (1), 1) < =[5(0)] [9(a® (w)) — g(@® (w))] () + O(e) ()|
(4.4.10)

Define

3

VE(t) = Vo(25(t), 05 (1) + Y VE(2°(1), 1). (4.4.11)

i=1
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Then

VE(E) = Vo(25(), a5 (1)) + O(e) |25(1)). (4.4.12)

In addition,

LVE() < L+ O(e) |;>:E(t)|2 . (4.4.13)
By assumption, there exists a constant v > 0 such that
L+Vo(°(1), @ (t)) < L +el25()]* < 0.

Using
L (e”tvs(t)) =M (yVE(t) + LTVE(L))
< "0(e) |5 (1)[*,

we obtain
t
E[e"VE(t)] < BVE(0)+E / ¢0(e) | (u)| du
2 e
<0 +5 [ o @i i
0
On the other hand,
Vo(2*(8),05(1)) > (1) /e.
Therefore,

E[e"(0)"] < O(e) ]ﬂz +E /0 t eO(e) |25 (u))? du.

Gronwall’s inequality yields that

B[ 2(1)]"] < 0() ‘éf

Hence

B0 < e "0(e) \gf
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Therefore,

Ela*(t)] < CE|T1)]° < C\JE =) < e?0(Ve) [€f.

The proof is completed. O

4.5 Examples

In this section, we provided a couple of examples to illustrate the two-time-scale
singular systems. In the examples, the matrix manipulations were done by use of

symbolic computation techniques through the use of Maple.

Example 4.5.1. Let a°(t) be a switching process taking values in M = {1,2} with

generator
0 _ —4 4
Q= = where Q = and ¢=0.1.
2 =2
Consider the singular system
G(a®(t))z(t) = A(a(t))x(t)dt + H(a (t))x(t)dB(t), (4.5.1)
where
10 0 05 =35 0
G(1)=G(2) = , A(l) = , A(2) = ,
00 0 0 0
1 0 00
H(1) = , H(2) =
0 0.5 0 1
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Then ~ -
1 000
_ B 0 00O
G(1)=G(2) = :
0000
0000
1 05 0 0 -35 0 00
~ 0 05 O 0 _ 0O 00O
A(l) = , A(2) =
0 0 05 0 0 000
0 0 0 025 0 001

Now let us consider the corresponding limit singular system

GzZ(t)= Az, (4.5.2)
where
1 000 —2.3333 0.1667 0 0
- 0000 B 0 0.1667 0 0
G = A=
0000 0 0 0.1667 0
00 0O 0 0 0 0.75
Then ~ _
P, 000
. - 0O 000
GP=PG= and
0O 000
0O 0 00
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Thus
AP+ PA
[ 40P, 016PL4016Py  0.16 Py 0750,
0.16 P14 0.16 Py, 0.3 Py 0.16 Pys + 0.16 Psy  0.16 Pyy + 0.75 Py5
) 0.16 P , 0.16 Py5 + 0.16 Py 0.3 Py 0.16 P4 4 0.75 Py 5
i 0.75 Py, 0.16 Pyy + 0.75 Py 0.16 P34+ 0.75 Py 5 1.50 P, 4 |

Hence G and A satisfy (B3)-(B5) with

10 0 0
o -1 0 o0
P —

00 -1 0

00 0 -1

Therefore, (4.5.1) is asymptotically mean-square stable.
For further demonstration, we next plot the sample paths of the systems. This is

done by use of Matlab. We set the steps h = 0.0001. We then obtain the following

figures for the first coordinate.
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25

15

0.5

Figure 4.1: A trajectory of singular dynamic system (4.5.1): Time between 0 and 1;

e = 0.001

(a) Time between 0 and 0.3 (b) Time between 0.3 and 0.5

(c) Time between 0.5 and 0.7 (d) Time between 0.7 andl

Figure 4.2: A trajectory of singular dynamic system (4.5.1) in [0, 1], € = 0.001

The system quickly comes to its limit position. Fig. 4.1 shows the results for
e = 0.001, whereas Fig. 4.3 displays the sample path and trajectory corresponding

to e = 0.1. Moreover, it is easily seen that the smaller the €, the faster the system
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25
20

154
10<|

M,

. . .
0 0.2 0.4 0.6 0.8 1

Figure 4.3: A trajectory of singular dynamic system (4.5.1): Time between 0 and 1;

e=0.1

decays.

Example 4.5.2. Let a°(t) be a switching process taking values in M = {1,2, 3,4}

with generator

=240
€
where ) ) ) )
-4 4 0 0 -1 0 1 0
_ 1 -1 0 0 R 0 -1 0 1
Q= Q=
0O 0 -2 2 0 1 -1 0
0O 0 3 -3 1 0 0 -1
and € = 0.1. Consider the singular system
G(a®(t))z(t) = A(a(t))x(t)dt + H(a (t))z(t)dB(t), (4.5.3)
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where
10 10
G(1)=G(2) = ,G(3)=G(4) = ;
00 01
0 0.5 -35 0 -1 0 -2 0
A(l) = ) A(2) = ) A(3) = ) A(4) = ,
0 0 0 O 0 2 0 1
0 0 00 01 00
H(1) = , H(2) = , H(3) = , H(4) =
0 0.5 01 00 00

Ase — 0, E (z°(t)) — y(t) such that
G(@a(t))dz(t) = A(@(t))y(t)dt,

where @(t) is the Markov chain generated by

. -1 1
Q= and
1 -1
1 0 00 1 0 00
o 00 0O o 01 00
G(l) = ) G(2) = )
00 0O 0 010
0 00O 0 001
—-28 01 0 O —-14 0 0 0.6
. 0 1 0 O . 0 06 0
A(1) = L A@2) =
0 0 1 0 0 0 —-24 0
0 0 0 1.85 0 0 0 0.6

Since G and A satisfy (B3) — (B5), (4.5.3) is asymptotically mean-square stable

as demonstrated in Fig.4.4.
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0.9

0.8

0.7

0.6

05

0.4r

0.3

0.2

0.1r

Figure 4.4: A trajectory of the singular dynamic system (4.5.3) in [0,0.5], e = 0.1

4.6 Remarks

This chapter has been devoted to singular jump-linear systems whose switching pro-
cess has a large state space. Alternatively, it could be called singular system with
singularly perturbed Markov chain. The multi-scale structure and two-time-scale for-
mulation are used to reflect that the discrete event process in the system has a large
state space. We have established reduction of complexity results from the angle of
stability analysis. We have used perturbed Liapunov function methods to carry out
the desired task. The conclusion shows that as the small parameter goes to 0, we can
use the stability of the limit system to infer that of the original system. The original
system is normally difficult to analyze because of its large dimensionality, whereas
the limit system is relatively simpler. Thus the result provides a practical guideline

for treating many such systems.
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Chapter 5

Discussion

This dissertation is adherent to two-time-scale switching diffusions where the switch-
ing processes live in a large but finite state space. In this dissertation, we have
studied asymptotic expansions of Kolmogorov backward equations for switching dif-
fusions and stability of singular linear systems. There are still a number of interesting
open problems.

In the fast diffusion case mentioned in Chapter 3, only positive recurrent case has
been Considered. We may deal with null recurrent processes or transient processes.
These are challenging problems.

Also, we may study stability of singular systems with time delays, which was not
considered in Chapter 4. Furthermore, random delay may also be incorporated into
the formulation.

In the future, stability associated with numerical solutions of switching diffusions
may be studied. Developing and analyzing numerical schemes for singularly perturbed
hybrid systems are also very difficult problems, which require much attention. These

problems deserve in-depth study and devoted attention.
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In this dissertation, we consider solutions of hybrid systems in which both continu-
ous dynamics and discrete events coexists. One of the main ingredients of our models
is the two-time-scale formulation. Under broad conditions, asymptotic expansions
are developed for the solutions of the systems of backward equations for switching
diffusion in two classes of models, namely, fast switching systems and fast diffusion
systems. To prove the validity of the asymptotic expansions, uniform error bounds
are obtained.

In the second part of the dissertation, a singular linear system is considered.
Again a two-time-scale formulation is used. Under suitable conditions, the system
has a limit. Using the limit system as a guide, our effort is devoted to deriving a
sufficient condition for the stability of the original system. These results present a
perspective on reduction of complexity from stability and asymptotic analysis points

of view.
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